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❛❧s♦ ✈❡r② ✐♠♣♦rt❛♥t ❢♦r ♠❛♥② ♣r❛❝t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡s❡ ♣r♦❜❧❡♠s ✇❡r❡ st✉❞✐❡❞ ✐♥ ❛ ♥✉♠❜❡r ♦❢
♣❛♣❡rs ✉s✐♥❣ ✈❛r✐♦✉s ❛ss✉♠♣t✐♦♥s t❤❛t ❛r❡ ❛❞❞✐t✐♦♥❛❧ t♦ t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❍❡rt③ ❢♦r♠✉❧❛t✐♦♥✳
❍❡r❡ s♦♠❡ ♣♦♣✉❧❛r ❛♣♣r♦①✐♠❛t❡ ❛♥❞ ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ♣r♦❜❧❡♠ ❢♦r ❛♥ ❡❧❛st✐❝ ❧❛②❡r ❛r❡
❡①❛♠✐♥❡❞ ✭s❡❡ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇s ✐♥ ❬✶✕✸❪✮✳ ■t ✐s ♥♦t❡❞ t❤❛t s♦♠❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ❝♦rr❡❝t ❛s②♠♣t♦t✐❝
❛♣♣r♦❛❝❤❡s ❛r❡ r❛t❤❡r s♦♣❤✐st✐❝❛t❡❞✳ ❈✉rr❡♥t❧② ♦♥❡ ♦❢ t❤❡ ❜❡st ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤s t♦ ❝♦♥t❛❝t
♣r♦❜❧❡♠s ❢♦r ❧❛②❡r❡❞ s♦❧✐❞s ✐s t❤❡ ❞✐r❡❝t ❛♣♣r♦❛❝❤ t❤❛t ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ❞❡✈❡❧♦♣❡❞ ❜② ❆r❣❛t♦✈ ❛♥❞
▼✐s❤✉r✐s ✭t❤❡ ❆▼ ❛♣♣r♦❛❝❤✮ ❬✸❪✳ ❍❡r❡ ✇❡ s❤♦✇ t❤❛t t❤❡ ♠❡t❤♦❞ ♦❢ ❞✐r❡❝t ❛s②♠♣t♦t✐❝ ✐♥t❡❣r❛t✐♦♥ ♦r
t❤❡ ●❑◆ ♠❡t❤♦❞ ❬✹❪✱ t❤❛t ✇❛s s✉❝❝❡ss❢✉❧② ❛♣♣❧✐❡❞ ✐♥ ♣r♦❜❧❡♠s ♦❢ t❤❡♦r② ♦❢ s❤❡❧❧s ❛♥❞ ♣❧❛t❡s✱ ❝❛♥ ❜❡
❛❧s♦ ✉s❡❞ ✐♥ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❧❛②❡r❡❞ s♦❧✐❞s✳ ❯s✐♥❣ t❤❡ ●❑◆ ❛♣♣r♦❛❝❤✱ ❛ s✐♠♣❧❡ ❛♥❞ ❝❧❡❛r ❛s②♠♣t♦t✐❝
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✶
s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ✐s ❞❡r✐✈❡❞ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ s✐③❡ ♦❢ ❝♦♥t❛❝t r❡❣✐♦♥ ✐s ♠✉❝❤ ❣r❡❛t❡r t❤❛♥
t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❡❧❛st✐❝ ❝♦♠♣r❡ss✐❜❧❡ ❧❛②❡r✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ❢♦r ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s ❛❝t✐♥❣
✇✐t❤✐♥ t❤❡ ❧❛②❡r ❛r❡ ♣r❡s❡♥t❡❞✳ ❲❡ ❞❡♠♦♥str❛t❡ t❤❛t ❛❧t❤♦✉❣❤ t❤❡ ❆▼ ❛♣♣r♦❛❝❤ ❤❛s ❝❧❡❛r s✐♠✐❧❛r✐t✐❡s
✇✐t❤ t❤❡ ●❑◆ ❛♣♣r♦❛❝❤✱ t❤❡ ❧❛tt❡r ❤❛s s♦♠❡ ❛❞✈❛♥t❛❣❡s✳
❯s✐♥❣ t❤❡ ●❑◆ ♠❡t❤♦❞✱ ❛ s✐♠♣❧❡ ❛♥❞ ❝❧❡❛r ❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ✐s ❞❡r✐✈❡❞
✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ s✐③❡ ♦❢ ❝♦♥t❛❝t r❡❣✐♦♥ ✐s ♠✉❝❤ ❣r❡❛t❡r t❤❛♥ t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❡❧❛st✐❝ ❝♦♠✲
♣r❡ss✐❜❧❡ ❧❛②❡r✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ❢♦r ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s ❛❝t✐♥❣ ✇✐t❤✐♥ t❤❡ ❧❛②❡r ❛r❡ ♣r❡s❡♥t❡❞✳
■t ✐s s❤♦✇♥ t❤❛t ✐❢ t❤❡ ❧❛②❡r ✐s ✐s♦tr♦♣✐❝ ♦r tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ t❤❡♥ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ❛s②♠♣t♦t✐❝
❛♣♣r♦①✐♠❛t✐♦♥ ♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❧❛②❡r ♦❢ s♣r✐♥❣s ✭t❤❡ ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ♦r t❤❡
❋✉ss✲❲✐♥❦❧❡r✲❩✐♠♠❡r♠❛♥♥ ❢♦✉♥❞❛t✐♦♥✮✳ ❲❡ ❝♦♠♣❛r❡ ♦✉r ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ t❤❡ ●❑◆ ♠❡t❤♦❞ ✇✐t❤
♦t❤❡r ❛♣♣r♦❛❝❤❡s✱ ✐♥❝❧✉❞✐♥❣ ❛♣♣r♦❛❝❤❡s ✉s❡❞ ❜② ❆r❣❛t♦✈ ❛♥❞ ❤✐s ❝♦✲❛✉t❤♦rs ❬✸✱ ✺✱ ✻❪✳
❯s✉❛❧❧② ❝♦♥t❛❝t ♣r♦❜❧❡♠s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✇✐t❤♦✉t t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❛❞❤❡s✐✈❡ ❢♦r❝❡s✳ ■♥❞❡❡❞✱
❛❞❤❡s✐♦♥ ❜❡t✇❡❡♥ ❝♦♥t❛❝t✐♥❣ ❜♦❞✐❡s ❤❛s ✉s✉❛❧❧② ❛ ♥❡❣❧✐❣✐❜❧❡ ❡✛❡❝t ♦♥ s✉r❢❛❝❡ ✐♥t❡r❛❝t✐♦♥s ❛t t❤❡
♠❛❝r♦✲s❝❛❧❡✱ ✇❤❡r❡❛s ✐t ❜❡❝♦♠❡s ✐♥❝r❡❛s✐♥❣❧② s✐❣♥✐✜❝❛♥t ❛s t❤❡ ❝♦♥t❛❝t s✐③❡ ❞❡❝r❡❛s❡s✳ ❇❡❝❛✉s❡ ♠♦❞✲
❡r♥ ♠❛t❡r✐❛❧s s❝✐❡♥❝❡ ❞❡❛❧s ♦❢t❡♥ ✇✐t❤ ✈❡r② t❤✐♥ ❝♦❛t✐♥❣s ❛♥❞ ♥❛♥♦✲✇♦r❧❞ ✐s t❤❡ ❵❙t✐❝❦② ❯♥✐✈❡rs❡✬ ❬✼❪✱
✇❡ ❝♦♥s✐❞❡r ❤❡r❡ t❤❡ ♠❛✐♥ ✐❞❡❛s ♦❢ t❤❡ ♠❡❝❤❛♥✐❝s ♦❢ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t✇♦ s✉r❢❛❝❡s t❤❛t ❛r❡
❛ttr❛❝t❡❞ t♦ ❡❛❝❤ ♦t❤❡r ❜② ✐♥t❡r♠♦❧❡❝✉❧❛r ❢♦r❝❡s✱ ✐✳❡✳ t❤❡ s♦❧✐❞s ❝❛♥ ✐♥t❡r❛❝t ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❡✈❡♥ ✐❢
t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞ ✐s ♥♦t ❛♣♣❧✐❡❞✳ ❍❡r❡ ✇❡ ♥❡❡❞ t♦ ✉s❡ t❤❡ ♥♦t✐♦♥ ♦❢ t❤❡ s♣❡❝✐✜❝ ✇♦r❦ ♦❢ ❛❞❤❡s✐♦♥ ✭w✮
t❤❛t ✐s ❡q✉❛❧ t♦ t❤❡ ❡♥❡r❣② ♥❡❡❞❡❞ t♦ s❡♣❛r❛t❡ t✇♦ ❞✐ss✐♠✐❧❛r s✉r❢❛❝❡s ❢r♦♠ ❝♦♥t❛❝t t♦ ✐♥✜♥✐t②✳ ❚❤✐s
✐s t❤❡ ❝r✉❝✐❛❧ ♠❛t❡r✐❛❧ ♣❛r❛♠❡t❡r ❢♦r ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡♦r✐❡s ♦❢ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t✳
❚❤❡ ♠♦❞❡r♥ t❤❡♦r② ♦❢ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ❢♦r ❡❧❛st✐❝ s♦❧✐❞s ♠❛② ❜❡ tr❛❝❡❞ ❜❛❝❦ t♦ t❤❡ ♣✐♦♥❡❡r✐♥❣
♣❛♣❡rs ❜② ❉❡r❥❛❣✉✐♥ ❬✽❪ ❛♥❞ ❏♦❤♥s♦♥ ❬✾❪ ✭s❡❡ ❛❧s♦ ❛ ❞✐s❝✉ss✐♦♥ ❜② ❑❡♥❞❛❧❧ ❬✼❪✮✳ ❙♣❡r❧✐♥❣ ❬✶✵❪ ❞❡r✐✈❡❞
❢♦r♠✉❧❛❡ ❢♦r t❤❡ ❢♦r❝❡ ✕ ❞✐s♣❧❛❝❡♠❡♥t ❞✐❛❣r❛♠ ❢♦r ❛ st✐❝❦② s♣❤❡r❡ ✉s✐♥❣ ❉❡r❥❛❣✉✐♥✬s r❡s✉❧ts ❛♥❞ ❛
r❛t❤❡r s♦♣❤✐st✐❝❛t❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s ❢♦r ❛ s♣❤❡r❡ ♦❜t❛✐♥❡❞ ❜② ❏✉♥❣ ❬✶✶❪✳ ▲❛t❡r
❏♦❤♥s♦♥ ❡t ❛❧✳ ❬✶✷❪ ♣r❡s❡♥t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② t❤❡ ❏❑❘ ✭❏♦❤♥s♦♥✱ ❑❡♥❞❛❧❧ ❛♥❞ ❘♦❜❡rts✮ ❛♣♣r♦❛❝❤ t♦
t❤❡ s❛♠❡ ♣r♦❜❧❡♠✳ ❚❤❡ ❏❑❘ ❛♣♣r♦❛❝❤ ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② ♠♦r❡ ❡❧❡❣❛♥t t❤❛♥ t❤❡ ❙♣❡r❧✐♥❣ ♦♥❡ ❛♥❞
t❤❡ ❢♦r♠❡r ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ❲✐♥❦❧❡r✲❋✉ss ❢♦✉♥❞❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳
❚❤❡ ❝❧❛ss✐❝❛❧ ❏❑❘ ♦r ❏❑❘❙ ✭❏♦❤♥s♦♥✲❑❡♥❞❛❧❧✲❘♦❜❡rts✲❙♣❡r❧✐♥❣✮ t❤❡♦r② ♦❢ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦✲
♣♦s❡s ♠❡t❤♦❞♦❧♦❣✐❡s t♦ ♣r❡❞✐❝t t❤❡ ❛❞❤❡s✐♦♥ ❢♦r❝❡ ❜❡t✇❡❡♥ s♣❤❡r✐❝❛❧ ✐♥❞❡♥t❡rs ✭♣❛r❛❜♦❧♦✐❞s ♦❢ r❡✈✲
♦❧✉t✐♦♥✮ ❬✶✵✱ ✶✷❪✳ ❘❡❝❡♥t❧② ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ t❤❡♦r② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛r❜✐tr❛r② ❜❧✉♥t
❛①✐s②♠♠❡tr✐❝ ✐♥❞❡♥t❡rs ❛♥❞ t♦ ♠❛t❡r✐❛❧s ❤❛✈✐♥❣ r♦t❛t✐♦♥❛❧ s②♠♠❡tr② ❧✐❦❡ tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ♦r
❤♦♠♦❣❡♥❡♦✉s❧② ♣r❡str❡ss❡❞ ♠❛t❡r✐❛❧s ❬✶✸✕✶✺❪✳ ❙✐♠✐❧❛r ❛♣♣r♦❛❝❤ ✐s ❛❧s♦ ✈❛❧✐❞ ❢♦r ♣r♦❜✐♥❣ ♦❢ str❡t❝❤❡❞
t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ✭✷❉✮ ♠❡♠❜r❛♥❡s ❬✶✻❪✳ ❍❡r❡ ✇❡ ✉s❡ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r ❛♥ ❡❧❛st✐❝
✐s♦tr♦♣✐❝ ♦r tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ❧❛②❡r ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ t♦ s♦❧✈❡ t❤❡
❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❢♦r ❛ r✐❣✐❞ ❛①✐s②♠♠❡tr✐❝ ❜❧✉♥t ✐♥❞❡♥t❡r ♦❢ ❛r❜✐tr❛r② s❤❛♣❡✳ ❚❤❡ ♣r♦❜❧❡♠
✐s st✉❞✐❡❞ ❡♠♣❧♦②✐♥❣ t❤❡ ♠❛✐♥ ❛ss✉♠♣t✐♦♥s ♦❢ t❤❡ ❏❑❘ t❤❡♦r② ♦❢ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t✳ ❚❤❡ ❣♦✈❡r♥✐♥❣
❡q✉❛t✐♦♥s ♦❢ t❤❡ ❏❑❘ t❤❡♦r② ❛r❡ ❢♦r♠✉❧❛t❡❞ ❛♥❞ tr❛♥s❢♦r♠❡❞ ✉s✐♥❣ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ♥♦♥✲❛❞❤❡s✐✈❡
❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡ ✐♥ ❣❡♥❡r❛❧ ❢♦r♠✱ ✇❤✐❝❤ s✐♠♣❧✐✜❡s tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ ♠❛❦❡s t❤❡♠ ❝❧❡❛r❡r✳
❇❡❝❛✉s❡ t❤❡ s❤❛♣❡s ♦❢ ♥♦♥✲✐❞❡❛❧ s❤❛♣❡❞ ✐♥❞❡♥t❡rs ♠❛② ❜❡ ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❛s ♠♦♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s
♦❢ r❛❞✐✉s ❬✶✼❪✱ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ♣♦✇❡r✲❧❛✇ s❤❛♣❡❞ ♣r♦❜❡s ✐s st✉❞✐❡❞ ✐♥ ❞❡t❛✐❧✳
✷ Pr❡❧✐♠✐♥❛r✐❡s✿ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥ ❛♥❞ st❛t❡✲♦❢✲t❤❡✲❛rt r❡✲
s✉❧ts
❚❤❡ ❝❧❛ss✐❝ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❍❡rt③✲t②♣❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s ✇❛s ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥tr♦❞✉❝❡❞ ❜② ❍❡rt③
✭✶✽✽✷✮ ❛♥❞ ❇♦✉ss✐♥❡sq ✭✶✽✾✺✮ ✭s❡❡ r❡❢❡r❡♥❝❡s ✐♥ ❬✶✺❪✮✳ ❚❤✐s ❢♦r♠✉❧❛t✐♦♥ ❛ss✉♠❡s t❤❛t t❤❡ s❤❛♣❡ ♦❢
t❤❡ ❜♦❞✐❡s ❛♥❞ t❤❡ ❝♦♠♣r❡ss✐♥❣ ❢♦r❝❡ P ❛r❡ ❣✐✈❡♥ ❛♥❞ ♠♦❧❡❝✉❧❛r ❛❞❤❡s✐♦♥ ❝❛♥ ❜❡ ✐❣♥♦r❡❞✳ ❍❡♥❝❡✱
t❤❡ ✜❡❧❞s ♦❢ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s ❛♣♣❡❛r ✐♥ t❤❡ s♦❧✐❞s ♦♥❧② ❛❢t❡r t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞ ✐s ❛♣♣❧✐❡❞✳
■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ ✐s s♠❛❧❧ ✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ♠❛✐♥ r❛❞✐✐ ♦❢
✷
❝✉r✈❛t✉r❡ ♦❢ ❝♦♥t❛❝t✐♥❣ s♦❧✐❞s ❛♥❞✱ t❤❡r❡❢♦r❡ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ❝♦♥t❛❝t✐♥❣ s♦❧✐❞s ♠❛②
❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ❛ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ❢♦r ❛♥ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❤❛❧❢✲s♣❛❝❡✳ ❍❡r❡ ✇❡ ❝♦♥s✐❞❡r
❛❝t✐♦♥ ♦❢ ❛ s♠♦♦t❤✱ ❝♦♥✈❡① r✐❣✐❞ ✐♥❞❡♥t❡r ♦♥ ❛♥ ❡❧❛st✐❝ ❧❛②❡r✳
✷✳✶ ❋♦r♠✉❧❛t✐♦♥ ♦❢ ♥♦♥✲❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠
▲❡t ✉s ✉s❡ ❜♦t❤ t❤❡ ❈❛rt❡s✐❛♥ ❛♥❞ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡ ❢r❛♠❡s✱ ♥❛♠❡❧② x1 = x, x2 = y, x3 = z ❛♥❞
r, θ, z✱ ✇❤❡r❡ r =
√
x2 + y2 ❛♥❞ x = r cos θ, y = r sin θ✳ ▲❡t ✉s ♣❧❛❝❡ t❤❡ ♦r✐❣✐♥ ✭O✮ ♦❢ ❈❛rt❡s✐❛♥
❝♦♦r❞✐♥❛t❡s ❛t t❤❡ ♣♦✐♥t ♦❢ ✐♥✐t✐❛❧ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t❤❡ ✐♥❞❡♥t❡r ❛♥❞ t❤❡ ❧❛②❡r✳ ▲❡t ✉s ❞✐r❡❝t t❤❡ ❛①✐s
♦❢ x3 ❛❧♦♥❣ t❤❡ ♥♦r♠❛❧ t♦ t❤❡ ❧❛②❡r t♦✇❛r❞s t❤❡ ✐♥s✐❞❡ ♦❢ t❤❡ ❧❛②❡r ✭s❡❡ ❋✐❣✳ ✶✮✳
❯s✉❛❧❧② t❤❡ ❍❡rt③✲t②♣❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s ❛ss✉♠❡ t❤❛t ❛ r✐❣✐❞ ✐♥❞❡♥t❡r✱ ❢♦r ✇❤✐❝❤ t❤❡ ❡q✉❛t✐♦♥
♦❢ t❤❡ s✉r❢❛❝❡ ✐s ❣✐✈❡♥ ❜② ❛ ❢✉♥❝t✐♦♥ f ✱ ✐✳❡✳✱ x3 = −f(x1, x2), f > 0✱ ✐s ♣r❡ss❡❞ ❜② t❤❡ ❢♦r❝❡ P t♦
❛ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❝♦♥t❛❝t✐♥❣ s♦❧✐❞✳ ❆❢t❡r t❤❡ ✐♥❞❡♥t❡r ❝♦♥t❛❝ts ✇✐t❤ t❤❡ ❧❛②❡r✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts
ui ❛♥❞ str❡ss❡s σij ❛r❡ ❣❡♥❡r❛t❡❞✳ ■t ✐s s✉♣♣♦s❡❞ t❤❛t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✐♥❞❡♥t❡r f ❛♥❞ t❤❡ ❡①t❡r♥❛❧
♣❛r❛♠❡t❡r ♦❢ t❤❡ ♣r♦❜❧❡♠ P ❛r❡ ❣✐✈❡♥ ❛♥❞ ♦♥❡ ❤❛s t♦ ✜♥❞ t❤❡ ❜♦✉♥❞❡❞ r❡❣✐♦♥ G ♦♥ t❤❡ ❜♦✉♥❞❛r②
♣❧❛♥❡ x3 = 0 ♦❢ t❤❡ ❧❛②❡r ❛t t❤❡ ♣♦✐♥ts ✇❤❡r❡ t❤❡ ♣✉♥❝❤ ❛♥❞ t❤❡ ❧❛②❡r ❛r❡ ✐♥ ♠✉t✉❛❧ ❝♦♥t❛❝t✱ t❤❡
❞✐s♣❧❛❝❡♠❡♥ts ui✱ ❛♥❞ t❤❡ str❡ss❡s σij✳ ■❢ t❤❡ ♣r❡ss✐♥❣ ❢♦r❝❡ P ✐s t❛❦❡♥ ❛s t❤❡ ❡①t❡r♥❛❧ ♣❛r❛♠❡t❡r P
t❤❡♥ ♦♥❡ ❤❛s t♦ ✜♥❞ t❤❡ ❞❡♣t❤ ♦❢ ✐♥❞❡♥t❛t✐♦♥ δ ✭t❤❡ r❡❧❛t✐✈❡ ❛♣♣r♦❛❝❤ ❜❡t✇❡❡♥ t❤❡ ✐♥❞❡♥t❡r ❛♥❞ t❤❡
❜♦✉♥❞❛r②✮ ❛♥❞ t❤❡ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ G✳ ■❢ δ ✐s t❛❦❡♥ ❛s P t❤❡♥ P ❛♥❞ G ❛r❡ t❤❡ s♦✉❣❤t ✈❛❧✉❡s✳
❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❍❡rt③ ❝♦♥t❛❝t ♣r♦❜❧❡♠✱ ✐✳❡✳ t❤❡ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t✇♦ ❜❧✉♥t ❡❧❛st✐❝
s♦❧✐❞s✱ ❝♦♥t❛✐♥s s❡✈❡r❛❧ ❛ss✉♠♣t✐♦♥s ✭s❡❡ ❡✳❣✳✱ ❬✶✺✱✶✽❪✮✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ❛r❡ ❛❝❝❡♣t❡❞ ❤❡r❡✱ t❤♦✉❣❤
✇❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ ✐s ❛♥ ❡❧❧✐♣s❡✳ ■♥ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❍❡rt③ t②♣❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s✱
t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ♠❛② ❜❡ ❢♦r♠✉❧❛t❡❞ ❢♦r ❛ ♣♦s✐t✐✈❡ ❤❛❧❢✲s♣❛❝❡✳ ❍♦✇❡✈❡r✱ ❤❡r❡ ✇❡ ❝♦♥s✐❞❡r
❛♥ ❡❧❛st✐❝ ✐s♦tr♦♣✐❝ ❧❛②❡r ♦❢ t❤✐❝❦♥❡ss h ♦❝❝✉♣②✐♥❣ t❤❡ ❛r❡❛ 0 ≤ x3 ≤ h✱ ❜♦✉♥❞❡❞ t♦ ❛ r✐❣✐❞ ❤❛❧❢✲s♣❛❝❡
x3 ≥ h ❛ss✉♠✐♥❣ t❤❛t t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❧❛②❡r h ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s✐③❡ a ♦❢
t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ ✭s❡❡ ❋✐❣✳ ✶✮✳ ❊✈✐❞❡♥t❧②✱ ❢♦r ❛♥ ❛①✐s②♠♠❡tr✐❝ ♣r♦❜❧❡♠ a ✐s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❝♦♥t❛❝t
r❡❣✐♦♥✳ ❚❤❡ ✐♥❞❡♥t❡r ✐s ❜❧✉♥t✱ ❤❡♥❝❡ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❛ ❣❡♦♠❡tr✐❝❛❧❧② ❧✐♥❡❛r
❢♦r♠✉❧❛t✐♦♥✳
❋✐❣✉r❡ ✶✿ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥
▲❡t ✉s ❞❡♥♦t❡ ❛s ❛ ❝♦♠♠❛ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛ss♦❝✐❛t❡❞ s♣❛t✐❛❧ ❝♦♦r❞✐♥❛t❡ xj✱
j = 1, 2, 3✳ ❚❤❡ s♦✉❣❤t q✉❛♥t✐t✐❡s ♠✉st s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s✳
❚❤❡ ❡q✉❛t✐♦♥s ♦❢ ❡q✉✐❧✐❜r✐✉♠
σi1,1 + σi2,2 + σi3,3 = 0. ✭✶✮
❚❤❡ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s ❢♦r t❤❡ ❧✐♥❡❛r ❡❧❛st✐❝ ♠❛t❡r✐❛❧s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❍♦♦❦❡✬s ❧❛✇✳ ❋♦r
❛♥ ✐s♦tr♦♣✐❝ s♦❧✐❞s✱ t❤❡ ❡q✉❛t✐♦♥s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
σij = λ δij (u1,1 + u2,2 + u3,3) + µ (ui,j + uj,i) , λ =
Eν
(1 + ν)(1− 2ν) , µ =
E
2(1 + ν)
. ✭✷✮
✸
❍❡r❡ λ ❛♥❞ µ ❛r❡ t❤❡ ▲❛♠é ❝♦♥st❛♥ts✱ E ❛♥❞ ν ❛r❡ t❤❡ ❨♦✉♥❣ ♠♦❞✉❧✉s ❛♥❞ P♦✐ss♦♥✬s r❛t✐♦✱ r❡s♣❡❝✲
t✐✈❡❧②✱ ui ❛r❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞✱ ❛♥❞ δij ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛✳
❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s s❤♦✉❧❞ ❞❡s❝r✐❜❡ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤✐♥ ❛♥❞ ♦✉t t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ G✱
❛♥❞ ❝♦♥❞✐t✐♦♥s ❞❡s❝r✐❜✐♥❣ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❧❛②❡r ❛♥❞ t❤❡ s✉♣♣♦rt✳ ❇❡❝❛✉s❡ t❤❡ ♣r♦❜❧❡♠ ✐s
❢r✐❝t✐♦♥❧❡ss✱ ✇❡ ❤❛✈❡
σ3i(x1, x2, 0) = 0, (x1, x2) ∈ R2 i = 1, 2. ✭✸✮
❚❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ G ✐s ❞❡✜♥❡❞ ❛s ❛♥ ♦♣❡♥ r❡❣✐♦♥ s✉❝❤ t❤❛t ✐❢ x ∈ G t❤❡♥ t❤❡ ❣❛♣ ✭u3 − g✮ ❜❡t✇❡❡♥
t❤❡ ♣✉♥❝❤ ❛♥❞ t❤❡ ❤❛❧❢✲s♣❛❝❡ ✐s ❡q✉❛❧ t♦ ③❡r♦ ❛♥❞ s✉r❢❛❝❡ str❡ss❡s ❛r❡ ♥♦♥✲♣♦s✐t✐✈❡✱ ✇❤✐❧❡ ♦✉ts✐❞❡ t❤❡
❝♦♥t❛❝t r❡❣✐♦♥✱ ✐✳❡✳ ❢♦r x ∈ R2 \G✱ t❤❡ ❣❛♣ ✐s ♣♦s✐t✐✈❡ ❛♥❞ t❤❡ str❡ss❡s ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✳ ❍❡♥❝❡✱ t❤❡
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s t❤❛t ❞❡s❝r✐❜❡ t❤❡ ❛❝t✐♦♥ ♦❢ ❛♥ ✐♥❞❡♥t❡r ♦♥ t❤❡ ❧❛②❡r ✇✐t❤✐♥ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥
● ❛♥❞ ♦✉ts✐❞❡ t❤❡ r❡❣✐♦♥ ✭R2 \G✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
u3(x1, x2, 0) = g(x1, x2), σ33(x1, x2, 0) ≤ 0, (x1, x2) ∈ G,
u3(x1, x2, 0) > g(x1, x2), σ3i(x1, x2, 0) = 0, (x1, x2) ∈ R2 \G. ✭✹✮
❋♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✈❡rt✐❝❛❧ ❢r✐❝t✐♦♥❧❡ss ♣r❡ss✐♥❣✱ ✇❡ ❤❛✈❡
g(x) = δ − f(x1, x2) = δ − ϕ
(x1
a
,
x2
a
)
, f(x1, x2) = ϕ
(x1
a
,
x2
a
)
. ✭✺✮
■❢ t❤❡ ❧❛②❡r ✐s ❜♦♥❞❡❞ t♦ t❤❡ s✉♣♣♦rt t❤❡♥ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❧❛②❡r ❛♥❞ t❤❡ s✉♣♣♦rt ❝❛♥ ❜❡
✇r✐tt❡♥ ❛s
u1(x1, x2, h) = u2(x1, x2, h) = u3(x1, x2, h) = 0. ✭✻✮
■♥ ❛❞❞✐t✐♦♥✱ t❤❡r❡ ✐s t❤❡ ✐♥t❡❣r❛❧ ❝♦♥❞✐t✐♦♥∫
R2
σ33(x1, x2, 0)dx1dx2 = −P. ✭✼✮
❚❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛t✐♦♥ ✐s ❛❧s♦ ✈❛❧✐❞ ❢♦r tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ❧✐♥❡❛r ♦r ❧✐♥❡❛r✐③❡❞ ♠❛t❡r✐❛❧s ❤❛✈✐♥❣
r♦t❛t✐♦♥❛❧ ✐s♦tr♦♣② ♦❢ t❤❡✐r ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s✳ ❋♦r s✉❝❤ ♠❛t❡r✐❛❧s✱ ♦♥❡ s❤♦✉❧❞ ❝❤❛♥❣❡ t❤❡ ❢♦r♠
♦❢ t❤❡ ♦♣❡r❛t♦r ♦❢ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s✱ ✐✳❡✳ t♦ ❝❤❛♥❣❡ ✭✷✮✳
✷✳✷ ❆♣♣r♦①✐♠❛t❡ ❛♥❞ ❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥s ❢♦r ♥♦♥✲❛❞❤❡s✐✈❡ ♣r♦❜❧❡♠s
❚❤❡ ♣r♦❜❧❡♠s ♦❢ ❝♦♥t❛❝t ❜❡t✇❡❡♥ ❛ r✐❣✐❞ ♣✉♥❝❤ ❛♥❞ ❛♥ ❡❧❛st✐❝ ❧❛②❡r ❛ttr❛❝t❡❞ ❛tt❡♥t✐♦♥s ♦❢ ♠❛♥②
❛✉t❤♦rs✳ ❚❤❡s❡ ❛♣♣r♦❛❝❤❡s t♦ t❤❡s❡ ♣r♦❜❧❡♠s ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❛❞❤❡s✐♦♥ ♠❛② ❜❡ q✉✐t❡ r♦✉❣❤❧② ❞✐✈✐❞❡❞
✐♥ t✇♦ ❣r♦✉♣s✿ ✭✐✮ ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ❛♥❞ ✭✐✐✮ ❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥s t♦ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s✳ ❍❡r❡
✇❡ ♣r❡s❡♥t ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ ♠❛✐♥ ♣❛♣❡rs ✐♥ t❤❡ ❣r♦✉♣s✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❞✐✣❝✉❧t t♦ s♣❧✐t t❤❡ ♣❛♣❡rs
❞❡✈♦t❡❞ t♦ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ♠♦❞❡❧s ❬✶✾✱ ✷✵❪ ❛♥❞ t❤❡ ♣❛♣❡rs ❞❡✈♦t❡❞ t♦ ❛♥ ❡❧❛st✐❝ ❧❛②❡r✳ ■♥❞❡❡❞✱ ✐t
❤❛s ❜❡❡♥ ❦♥♦✇♥ ❢♦r ❛ ❧♦♥❣ t✐♠❡ t❤❛t t❤❡ s✐♠♣❧❡st ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❢♦r ❛ ♣✉♥❝❤
❛♥❞ ❛ t❤✐♥ ❡❧❛st✐❝ ❧❛②❡r ✭t❤✐❝❦♥❡ss ✐s ♠✉❝❤ ❧❡ss t❤❛♥ ❝❤❛r❛❝t❡r✐st✐❝ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝♦♥t❛❝t ❛r❡❛✮
❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❜❡t✇❡❡♥ t❤❡ ♣✉♥❝❤ ❛♥❞ ❛ ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ✇✐t❤
st✐✛♥❡ss ❝♦❡✣❝✐❡♥t K✳ ▼❛♥② ❛✉t❤♦rs r❡♣❡❛t❡❞❧② ♦❜t❛✐♥❡❞ t❤✐s r❡s✉❧t ✉s✐♥❣ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ✭s❡❡✱
❡✳❣✳ ❬✶✕✸❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳
❚❤❡ ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ❝❛♥ ❜❡ ✐♠❛❣✐♥❡❞ ❛s ❛ s♣r✐♥❣ ❧❛②❡r ♦❢ t❤✐❝❦♥❡ss h✱ ✇❤✐❝❤ r❡sts
♦♥ ❛ r✐❣✐❞ ❜❛s❡ x3 > h✳ ❚❤❡r❡ ✐s ♥♦ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s♣r✐♥❣s✱ ✐✳❡✳✱ s❤❡❛r ❜❡t✇❡❡♥ ❛❞❥❛❝❡♥t
s♣r✐♥❣s ✐s ✐❣♥♦r❡❞✳ ❍❡♥❝❡✱ u1 = u2 = 0 ❛t ❛♥② ♣♦✐♥t ♦❢ t❤❡ ❢♦✉♥❞❛t✐♦♥✱ ✐✳❡✳ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❡❝t♦r
u ≡ u3✳ ❚❤❡ str❡ss❡s ❛r❡ σij = δi3δ3jσij✳ ❚❤❡ ❝♦♥t❛❝t ♣r❡ss✉r❡ p(x1, x2) = −σ33(x1, x2, 0) ❛♥❞ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ str❛✐♥ t❡♥s♦r ǫ33 ❛t ❛♥② ♣♦✐♥t ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛t
t❤❡ ♣♦✐♥t✱ ❤❡♥❝❡ t❤❡② ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛s
ǫ33(x1, x2, 0) = −u3(x1, x2, 0)/h;
σ33(x1, x2, 0) = −Ku3(x1, x2, 0),
✭✽✮
✹
✇❤❡r❡ K ✐s t❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✉s ♦❢ t❤❡ ❢♦✉♥❞❛t✐♦♥✳
❇❡❝❛✉s❡ t❤❡ ❞❡♣t❤ ♦❢ ✐♥❞❡♥t❛t✐♦♥ δ ✐s t❛❦❡♥ ❛s t❤❡ ❡①t❡r♥❛❧ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠✱
t❤❡ ❧♦❛❞ P ❛♥❞ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ G ❛r❡ ✉♥❦♥♦✇♥✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✽✮ ❛♥❞ ✭✼✮ t❤❛t t❤❡ ❝♦♠♣r❡ss✐♥❣
❢♦r❝❡ ✐s
P (δ) = KV (δ), ✭✾✮
✇❤❡r❡ V (δ) ✐s t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜♦❞② ✉♥❞❡r t❤❡ ❝r♦ss✕s❡❝t✐♦♥ ♦❢ ❤❡✐❣❤t z = δ✳ ❚❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠
❢♦r ❲✐♥❦❧❡r ❢♦✉♥❞❛t✐♦♥ ✐s ❞✐s❝✉ss❡❞ ❢✉rt❤❡r ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✳
❖♥❡ ♦❢ t❤❡ ✜rst t♦ ✐♥tr♦❞✉❝❡ t❤✐s str✉❝t✉r❛❧ ♠♦❞❡❧ ✇❡r❡ ❲✐♥❦❧❡r ❬✷✶❪ ❛♥❞ ❩✐♠♠❡r♠❛♥♥ ❬✷✷❪✳
❚❤❡ ♠♦❞❡❧ ✐s ❛❧s♦ ❦♥♦✇♥ ❛s t❤❡ s♣r✐♥❣ ❜❡❞ ♠❛ttr❡ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ❬✶✽❪✳ ❚❤❡ ❢♦✉♥❞❛t✐♦♥ ✇❛s
❝♦♥s✐❞❡r❡❞ ✐♥ ❛ ♥✉♠❜❡r ♦❢ ♣❛♣❡rs ❛♥❞ ❜♦♦❦s ✭s❡❡✱ ❡✳❣✳✱ ❬✶✽✱ ✶✾❪✮ ❜❡❝❛✉s❡ t❤❡ s✐♠♣❧✐❝✐t② ♦❢ t❤✐s ♠♦❞❡❧
♠❛❦❡s ✐t ✈❡r② ❤❡❧♣❢✉❧ ❢♦r ♠♦❞❡❧❧✐♥❣ ✈❛r✐♦✉s ❡♥❣✐♥❡❡r✐♥❣ ♣r♦❜❧❡♠s✳
❚❤❡ ❢♦✉♥❞❛t✐♦♥ ✇❛s ✉s❡❞ t♦ ♠♦❞❡❧ ❝♦♥t❛❝t ♣r♦❜❧❡♠s ❢♦r r♦✉❣❤ s✉r❢❛❝❡s❀ ✐t ✇❛s s❤♦✇♥ t❤❛t ✐❢ t❤❡
s✉r❢❛❝❡ r♦✉❣❤♥❡ss ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❧✐♥❡❛r ♦r ♥♦♥✲❧✐♥❡❛r ❲✐♥❦❧❡r✲❋✉ss ❢♦✉♥❞❛t✐♦♥ ❛♥❞ t❤❡ ❢♦✉♥❞❛t✐♦♥
✐s ❛tt❛❝❤❡❞ t♦ ❛ ❧✐♥❡❛r ❡❧❛st✐❝ ❤❛❧❢✲s♣❛❝❡ t❤❡♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥t❛❝t ❜❡t✇❡❡♥ ❛ r✐❣✐❞ ✐♥❞❡♥t❡r ❛♥❞
t❤❡ r♦✉❣❤ s♦❧✐❞ ♠❛② ❜❡ r❡❞✉❝❡❞ t♦ ❍❛♠♠❡rst❡✐♥✲t②♣❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s t❤❛t ✐♥ t✉r♥ ❝❛♥ ❜❡ s♦❧✈❡❞
♥✉♠❡r✐❝❛❧❧② ❬✷✸✱ ✷✹❪✳ ❚❤❡ ❢♦✉♥❞❛t✐♦♥ ✇❛s ❛❧s♦ ✉s❡❞ t♦ ❡st✐♠❛t❡ ✈❛❧✐❞♥❡ss ♦❢ s♦♠❡ ❢r❛❝t❛❧ ✐❞❡❛s ✉s✐♥❣
t❤r❡❡ ❞✐✛❡r❡♥t ♠♦❞❡❧s ♦❢ ❢r❛❝t❛❧ s✉r❢❛❝❡s✿ t❤❡ ❈❛♥t♦r✲❇♦r♦❞✐❝❤ ♣r♦✜❧❡ ❬✷✺❪✱ t❤❡ ❤✐❡r❛r❝❤✐❝❛❧ ♠✉❧t✐❧❡✈❡❧
❇♦r♦❞✐❝❤✲❖♥✐s❤❝❤❡♥❦♦ ♣r♦✜❧❡ ❬✷✻❪ ❛♥❞ ✐♥❞❡♥t❡rs ✇❤♦s❡ ♣r♦✜❧❡s ❞❡s❝r✐❜❡❞ ❜② ♣❛r❛♠❡tr✐❝✲❤♦♠♦❣❡♥❡♦✉s
✭P❍✮ ❢✉♥❝t✐♦♥ ❬✷✼❪✳ ❚❤❡ P❍ ❢✉♥❝t✐♦♥s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❇♦r♦❞✐❝❤ ❛♥❞ t❤❡② ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧
✐♥ s❡✈❡r❛❧ ♣❛♣❡rs ❬✷✽✱✷✾❪✳ ❘❡❝❡♥t❧② t❤❡ ❢♦✉♥❞❛t✐♦♥ ✇❛s ❡♠♣❧♦②❡❞ t♦ ♠♦❞❡❧ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ❜❡t✇❡❡♥
♥♦♥✲s♠♦♦t❤ s✉r❢❛❝❡s ✇❤♦s❡ r♦✉❣❤♥❡ss st❛t✐st✐❝s ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❬✸✵❪✳ ■t ✇✐❧❧
❜❡ ❞✐s❝✉ss❡❞ ❧❛t❡r t❤❛t t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❢♦r ❛♥ ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❝♦❛t✐♥❣ ❜♦♥❞❡❞ t♦ ❛ s✉❜str❛t❡ ✐♥
t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ♦❢ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ r❡❞✉❝❡s t♦ ❛ ♣r♦❜❧❡♠ ♦❢ ❝♦♥t❛❝t ❢♦r ❛ ❲✐♥❦❧❡r✲❋✉ss s♣r✐♥❣
❧❛②❡r ✇❤♦s❡ st✐✛♥❡ss ✐s ✭s❡❡✱ ❡✳❣✳ ❬✶✱ ✸✶✱✸✷❪✮
K =
E (1− ν)
h (1 + ν) (1− 2ν) ✭✶✵✮
✇❤❡r❡ E ❛♥❞ ν ❞❡♥♦t❡ t❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✉s ❛♥❞ P♦✐ss♦♥✬s r❛t✐♦ ♦❢ t❤❡ ❧❛②❡r r❡s♣❡❝t✐✈❡❧②✳
■♥ ❤✐s ❢❛♠♦✉s ❜♦♦❦ ❏♦❤♥s♦♥ ❬✶✽❪ ❡①❛♠✐♥❡❞ t❤❡ ✐♥❞❡♥t❛t✐♦♥ ❜② ❛ r✐❣✐❞ ❢r✐❝t✐♦♥❧❡ss ❝②❧✐♥❞❡r ✭t❤❡
♣❧❛♥❡✲str❛✐♥ ❝♦♥❞✐t✐♦♥s ♦❢ ❧✐♥❡ ❝♦♥t❛❝t✮ ♦❢ ❛♥ ❡❧❛st✐❝ ❧❛②❡r ✇❤✐❝❤ ✐s s✉♣♣♦rt❡❞ ♦♥ ❛ r✐❣✐❞ ♣❧❛♥❡ s✉r❢❛❝❡
✐♥ ❜♦t❤ ❜♦♥❞❡❞ ❛♥❞ ✉♥❜♦♥❞❡❞ ❢♦r♠✉❧❛t✐♦♥s✳ ❍❡ ♠❡♥t✐♦♥❡❞ ❜♦t❤ t❤❡ ✐♥t❡❣r❛❧ ❢♦r♠ ♦❢ ❛ s♦❧✉t✐♦♥ t♦ t❤❡
♣r♦❜❧❡♠ ❛♥❞ s♦♠❡ ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ♣r♦❜❧❡♠✱ ❡✳❣✳ ❬✸✸❪✳ ❚❤❡♥ ❤❡ ♥♦t❡❞ t❤❛t ✐♥ t❤❡ ❧✐♠✐t
✇❤❡♥ ε = h/a < 1✱ t❤❡ st❛t❡ ♦❢ ❛✛❛✐rs ❝❛♥ ❜❡ ❛♥❛❧②s❡❞ ✐♥ ❛♥ ❡❧❡♠❡♥t❛r② ✇❛② ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡
❞❡❢♦r♠❛t✐♦♥ t❤r♦✉❣❤ t❤❡ ❧❛②❡r ✐s ❤♦♠♦❣❡♥❡♦✉s✱ ✐✳❡✳ ♣❧❛♥❡ s❡❝t✐♦♥s r❡♠❛✐♥ ♣❧❛♥❡ ❛❢t❡r ❝♦♠♣r❡ss✐♦♥✱
s♦ t❤❛t t❤❡ str❡ss ✐s ✉♥✐❢♦r♠ t❤r♦✉❣❤ t❤❡ t❤✐❝❦♥❡ss✳
▼❛t❤❡♠❛t✐❝❛❧❧② ❏♦❤♥s♦♥✬s ♠♦❞❡❧ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❲✐♥❦❧❡r✲❋✉ss ♠♦❞❡❧ ✇✐t❤ K ❞❡✜♥❡❞ ❜② ✭✶✵✮✳
❏❛✛❛r ❬✸✹❪ ❛♣♣❧✐❡❞ t❤❡ ❏♦❤♥s♦♥ ❛♣♣r♦❛❝❤ t♦ ♣r♦❜❧❡♠s ♦❢ ❛①✐s②♠♠❡tr✐❝ ❝♦♥t❛❝ts ✐♥✈♦❧✈✐♥❣ t❤✐♥ ❧❛②❡rs
❜♦♥❞❡❞ ❛♥❞ ✉♥❜♦♥❞❡❞ t♦ ❛ r✐❣✐❞ ❢♦✉♥❞❛t✐♦♥ ❛♥❞ ✐♥❞❡♥t❡❞ ❜② ❛ ❢r✐❝t✐♦♥❧❡ss r✐❣✐❞ s♣❤❡r❡✳
❆♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s t♦ ❛①✐s②♠♠❡tr✐❝ ❝♦♥t❛❝t ♣r♦❜❧❡♠s ❢♦r ❛♥ ❡❧❛st✐❝ ❝♦❛t✐♥❣ ❜♦♥❞❡❞ t♦ r✐❣✐❞
s✉❜str❛t❡ ✇❡r❡ ❝♦♥s✐❞❡r❡❞ ❜② ♠❛♥② ❛✉t❤♦rs ✭s❡❡✱ ❡✳❣✳ ❬✸✺✱ ✸✻❪✮✳ ❆♠♦♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ ♠❡t❤♦❞s✱ t❤❡
❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞ ✐s q✉✐t❡ ♦❢t❡♥ ✉s❡❞ t♦ ♠♦❞❡❧ ❝♦♥t❛❝t ♣r♦❜❧❡♠s✳ ❙♦♠❡ ❛✉t❤♦rs ❡♥❣❛❣❡ ✜♥✐t❡
❡❧❡♠❡♥ts t♦ st✉❞② ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s ✭❡✳❣✳✱ ❬✸✼✕✸✾❪✮✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✇❡ ❞❡❛❧
✇✐t❤ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤❡s ❛♥❞ ✇✐❧❧ ♥♦t ❝♦♥s✐❞❡r t❤❡ ♣❛♣❡rs ❞❡✈♦t❡❞ t♦ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s✳
❖♥❡ ♦❢ t❤❡ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤❡s ♠♦st ❝♦♠♠♦♥❧② ✉s❡❞ t♦ st✉❞② ❝♦♥t❛❝t ♣r♦❜❧❡♠s ✐s t❤❡ ❛s②♠♣✲
t♦t✐❝ ❛♣♣r♦❛❝❤✳ ❚❤❡ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥s ✐♥ t❤❡ ♣r♦❜❧❡♠s ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ♠❛② ✉s❡ ✈❛r✐♦✉s
♣❛r❛♠❡t❡rs✿ ✭✐✮ t❤❡ ♣❛r❛♠❡t❡r ε = h/a ✐s s♠❛❧❧❀ ✭✐✐✮ ε = h/a ✐s ❧❛r❣❡❀ ❛♥❞ ✭✐✐✐✮ ❢♦r tr❛♥s✈❡rs❡❧②
✐s♦tr♦♣✐❝ ♠❛t❡r✐❛❧s ε = E1/E2 ✇❤❡r❡ E1 ❛♥❞ E2 ❛r❡ t❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✐ ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❛❧♦♥❣ t❤❡
❧❛②❡r ❛♥❞ ✐♥ tr❛♥s✈❡rs❡ ❞✐r❡❝t✐♦♥ r❡s♣❡❝t✐✈❡❧② ✭s❡❡✱ ❡✳❣✳ ❬✹✵❪✮✳ ▼❛♥② ❜♦♦❦s ❛♥❞ ♣❛♣❡rs ❛r❡ ❞❡✈♦t❡❞ t♦
❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤❡s t♦ t❤❡s❡ ♣r♦❜❧❡♠s s❡❡ ❡✳❣✳ ❬✶✕✸❪✳ ❍❡r❡ ✇❡ ❛r❡ ❝♦♥❝❡♥tr❛t❡❞ ♠❛✐♥❧② ♦♥ t❤❡ ❝❛s❡
✇❤❡♥ ε = h/a ✐s s♠❛❧❧✳
✺
■t ✐s ✇❡❧❧ ❦♥♦✇♥ ❬✷✸✱ ✷✹✱ ✷✾✱ ✹✶✕✹✼❪ t❤❛t t❤❡ ❝❧❛ss ♦❢ ♠✐①❡❞ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ✭✇✐t❤ ❢r❡❡
✭✉♥❦♥♦✇♥✮ ❜♦✉♥❞❛r② ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✮ ❢♦r ❛ t❤✐♥ ❧❛②❡r ❝❛♥ ❜❡
❢♦r♠✉❧❛t❡❞ ✉s✐♥❣ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s r❡❧❛t✐♥❣ t❤❡ ✉♥❦♥♦✇♥s✿ ❝♦♥t❛❝t ♣r❡ss✉r❡ p(x1, x2)✱ ❝♦♥t❛❝t ❛r❡❛ G
❛♥❞ ✐ts ❜♦✉♥❞❛r② ∂G✱ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❝♦♥t❛❝t✐♥❣ ❜♦❞✐❡s δ ✭✐♥ ❝❛s❡ t❤❡ ❛♣♣❧✐❡❞ ❢♦r❝❡ P ✐s ❦♥♦✇♥✮✳ ❲❡
❛❣r❡❡ ✇✐t❤ ❏♦❤♥s♦♥✬s r❡♠❛r❦ ✭s❡❡ ♣❛❣❡ ✶✸✽ ✐♥ ❬✶✽❪✮ t❤❛t t❤❡ ✐♥t❡❣r❛♥❞ ✐♥ ✐♥t❡❣r❛❧ ❢♦r♠✉❧❛t✐♦♥ ❡q✉❛t✐♦♥
❢♦r ❝♦♥t❛❝t ♣r♦❜❧❡♠ ♦❢ t❤❡ ❧❛②❡r ❤❛s t❤❡ ❛✇❦✇❛r❞ ❢♦r♠ ❛♥❞ t❤✐s ❤❛s ❧❡❞ t♦ s❡r✐♦✉s ❞✐✣❝✉❧t✐❡s ✐♥ t❤❡
❛♥❛❧②s✐s ♦❢ ❝♦♥t❛❝t str❡ss❡s ✐♥ str✐♣s ❛♥❞ ❧❛②❡rs✳ ◆❡✈❡rt❤❡❧❡ss t❤❡ ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤❡s ✇❡r❡ ♠❛✐♥❧②
❞❡✈❡❧♦♣❡❞ ❢♦r t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥ ♦r ❡q✉❛t✐♦♥s ♦❢ s✐♠✐❧❛r str✉❝t✉r❡ ✭s❡❡✱ ❡✳❣✳ ❬✶✱ ✸✱ ✺✱ ✻✱ ✸✶✱ ✸✷✱✹✽❪✮✳
❆❣❤❛❧♦✈②❛♥ ❬✷❪ ❤❛s ❞❡✈❡❧♦♣❡❞ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❡❧❛st✐❝✐t② ❡q✉❛t✐♦♥s ♦❢
❛♥✐s♦tr♦♣✐❝ ♣❧❛t❡s ❛♥❞ s❤❡❧❧s ✐♥ ❜♦t❤ 2D ❛♥❞ 3D ❢♦r♠✉❧❛t✐♦♥s✳ ■♥ ✐s♦tr♦♣✐❝ ❧✐♠✐t ❤✐s ❝❛❧❝✉❧❛t✐♦♥s ❣✐✈❡
t❤❡ ❦♥♦✇♥ ❡①♣r❡ss✐♦♥ ♦❢ K ❢♦r ♣❧❛♥❡ str❛✐♥ ✭✶✵✮ ❛♥❞
KPS =
E
h (1− ν2) ✭✶✶✮
❢♦r ♣❧❛♥❡ str❡ss ❝❛s❡ ✭s❡❡ ♣❛❣❡ ✼✻ ✐♥ ❬✷❪✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ❆❣❤❛❧♦✈②❛♥ ❞❡r✐✈❡s st✐✛♥❡ss ♦❢ ❛ ♠✉❧t✐❧❛②❡r❡❞
❢♦✉♥❞❛t✐♦♥ ❜② ❛❞❞✐t✐♦♥ ♦❢ ❝♦♠♣❧✐❛♥❝❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❲✐♥❦❧❡r✲❋✉ss✲t②♣❡ ❧❛②❡rs ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②
KM =
(
N∑
j=1
1
Kj
)
−1
, ✭✶✷✮
✇❤❡r❡ KM ✐s t❤❡ r❡s✉❧t✐♥❣ st✐✛♥❡ss ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ♠✉❧t✐❧❛②❡r❡❞ str✉❝t✉r❡✱ Kj ✐♥❞✐✈✐❞✉❛❧ st✐✛♥❡ss ♦❢
j✲t❤ ❧❛②❡r ❛♥❞ N ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❧❛②❡rs✳ ❆❧t❤♦✉❣❤ t❤❡ ♠❡t❤♦❞s ❞❡✈❡❧♦♣❡❞ ❜② ❆❣❤❛❧♦✈②❛♥ ❬✷❪
❛r❡ ✈❡r② ♣♦✇❡r❢✉❧✱ t❤❡② ❛r❡ r❛t❤❡r s♦♣❤✐st✐❝❛t❡❞✳
❯s✐♥❣ ♠✉❝❤ s✐♠♣❧❡r tr❛♥s❢♦r♠❛t✐♦♥s t❤❛♥ t❤♦s❡ ✉s❡❞ ✐♥ ❬✷❪✱ ❆r❣❛t♦✈ ❛♥❞ ▼✐s❤✉r✐s ✭s❡❡ ♣❛❣❡ ✶✹
✐♥ ❬✸❪✮✱ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❢♦r ❛ t❤✐♥ tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ❧❛②❡r ✐♥ ❧❡❛❞✐♥❣ ♦r❞❡r
❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s r❡❞✉❝❡❞ t♦ t❤❡ ♣r♦❜❧❡♠ ❢♦r ❛ ❲✐♥❦❧❡r✲❋✉ss ❧❛②❡r✳ ■❢ ❍♦♦❦❡✬s ❧❛✇ ❢♦r ❛
tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ❧❛②❡r ✐s ✇r✐tt❡♥ ✐♥ ♠❛tr✐① ❢♦r♠ ❛s
{σ11, σ22, σ33, σ23, σ13, σ12}T = [A] {ε11, ε22, ε33, ε23, ε13, ε12}T ,
✇❤❡r❡ [A] ✐s t❤❡ ♠❛tr✐① ♦❢ ❡❧❛st✐❝ ❝♦♥st❛♥ts✱ t❤❡♥ ✐♥ ❧❡❛❞✐♥❣ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ t❤❡ tr❛♥s✈❡rs❡❧②✲
✐s♦tr♦♣✐❝ t❤✐♥ ❧❛②❡r ✐s r❡❞✉❝❡❞ t♦ t❤❡ ❲✐♥❦❧❡r✲❋✉ss ❢♦✉♥❞❛t✐♦♥ ✇✐t❤ st✐✛♥❡ss ❝♦❡✣❝✐❡♥t
KTI =
A33
h
. ✭✶✸✮
◆♦t❡ t❤❛t ❛❧t❡r♥❛t✐✈❡ ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤❡s ✇❡r❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ✐♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠
❢♦r ❛ t❤✐♥ ❝♦❛t✐♥❣✳ ❆❧❡①❛♥❞r♦✈ ❬✹✾❪ ❝♦♥s✐❞❡r❡❞ 2D ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❢♦r ❛ t❤✐♥ ❝♦❛t✐♥❣ ❝♦✈❡r✐♥❣ ❡❧❛st✐❝
❤❛❧❢✲s♣❛❝❡ ✭♣❧❛♥❡ str❛✐♥✮✳ ❍♦✇❡✈❡r✱ t❤✐s s♦❧✉t✐♦♥ ❤❛❞ s❡✈❡r❛❧ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s✳ ❋✉rt❤❡r ✇❡ ✇✐❧❧
st✉❞② ♦♥❧② ❞✐r❡❝t ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s✳
✸ ❚❤❡ ●❑◆ ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤ t♦ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❢♦r ❛♥
❡❧❛st✐❝ ❝♦♠♣r❡ss✐❜❧❡ ❧❛②❡r
❆s ✐t ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❢♦r ❛ r✐❣✐❞ ✐♥❞❡♥t❡r ❛♥❞ ❛♥ ❡❧❛st✐❝ ❧❛②❡r ❜♦♥❞❡❞ t♦
r✐❣✐❞ s✉❜str❛t❡ ✇❛s st✉❞✐❡❞ ✐♥ ❛ ♥✉♠❜❡r ♦❢ ♣✉❜❧✐❝❛t✐♦♥s✳ ◆❡✈❡rt❤❡❧❡ss✱ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱
✇❡ ❞❡r✐✈❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛s②♠♣t♦t✐❝ s♦❧✉t✐♦♥ ♦❢ ✐♥❞❡♥t❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ❛♥ ❡❧❛st✐❝ ❧❛②❡r ❜♦♥❞❡❞ t♦
r✐❣✐❞ s✉❜str❛t❡ ✉s✐♥❣ t❤❡ ●❑◆ ✭●♦❧❞❡♥✈❡✐③❡r✲❑❛♣❧✉♥♦✈✲◆♦❧❞❡✮ ♠❡t❤♦❞✳ ❚❤✐s q✉✐t❡ s✐♠♣❧❡ ❛s②♠♣t♦t✐❝
♠❡t❤♦❞ ✇❛s ✐♥✐t✐❛❧❧② ✐♥tr♦❞✉❝❡❞ ❛s ✧t❤❡ ♠❡t❤♦❞ ♦❢ ❞✐r❡❝t ❛s②♠♣t♦t✐❝ ✐♥t❡❣r❛t✐♦♥✧ ❜② ●♦❧❞❡♥✈❡✐③❡r
✐♥ ❤✐s ♣❛♣❡rs ❛♥❞ t❤❡ s❡❝♦♥❞ ❡❞✐t✐♦♥ ♦❢ ❤✐s ❝❧❛ss✐❝ ❜♦♦❦ ♦♥ s❤❡❧❧ t❤❡♦r② ❬✺✵✱ ✺✶❪✱ t❤❡♥ t❤❡ ♠❡t❤♦❞
✻
✇❛s ❡♥❤❛♥❝❡❞ ❛♥❞ ❝❧❡❛r❧② ❡①♣❧❛✐♥❡❞ ✐♥ ❬✹❪✳ ❆❧t❤♦✉❣❤ t❤❡ ●❑◆ ♠❡t❤♦❞ ✇❛s ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞
❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡♦r② ♦❢ ♣❧❛t❡s ❛♥❞ s❤❡❧❧s✱ ✐t ✇❛s ❛❧r❡❛❞② ❛♣♣❧✐❡❞ t♦ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥t❛❝t
♣r♦❜❧❡♠s ❬✺✷❪✳ ❍❡r❡ t❤❡ ●❑◆ ♠❡t❤♦❞ ✐s ❛♣♣❧✐❡❞ ❞✐r❡❝t❧② t♦ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ s♣❛t✐❛❧ ❝♦♥t❛❝t ♣r♦❜❧❡♠
❢♦r♠✉❧❛t✐♦♥✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s ❛❝t✐♥❣ ✐♥ t❤❡
❡❧❛st✐❝ ❧❛②❡r✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✐❞❡❛s ♦❢ t❤❡ ●❑◆ ❛s②♠♣t♦t✐❝ ✐♥t❡❣r❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ ✇❡ ✜rst ❞✐❧❛t❡ t❤❡ s❝❛❧❡
♦❢ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛♥❞ ❛ss✉♠❡ t❤❛t ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❝❛❧❡❞ ✈❛r✐❛❜❧❡s
❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ❛s②♠♣t♦t✐❝ ♦r❞❡r ♦❢ t❤❡ q✉❛♥t✐t✐❡s t♦ ❜❡ ❢♦✉♥❞✳ ❲❡ ❛ss✉♠❡ ❛❧s♦ t❤❛t t❤❡ ❧❛②❡r
t❤✐❝❦♥❡ss ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ r❛❞✐✉s ♦❢ ❝♦♥t❛❝t✱ ✐✳❡✳ t❤❡ ♣❛r❛♠❡t❡r
ε = h/a ✭✶✹✮
✐s s♠❛❧❧✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ●❑◆ ❛s②♠♣t♦t✐❝ ♣r♦❝❡❞✉r❡✱ ✇❡ s❡t
ui (x1, x2, x3) = hεu
∗
i (x1, x2, x3) , i = 1, 2,
u3 (x1, x2, x3) = hu
∗
3 (x1, x2, x3) ,
σjj (x1, x2, x3) = µσ
∗
jj (x1, x2, x3) , j = 1, 2, 3,
σk3 (x1, x2, x3) = σ3k (x1, x2, x3) = µ εσ
∗
k3 (x1, x2, x3) , k = 1, 2,
σ12 (x1, x2, x3) = σ21 (x1, x2, x3) = µ ε
2σ∗12 (x1, x2, x3) ,
✭✶✺✮
✇❤❡r❡ q✉❛♥t✐t✐❡s ✇✐t❤ ❛st❡r✐s❦s ❛r❡ ❛ss✉♠❡❞ ♦❢ t❤❡ s❛♠❡ ❛s②♠♣t♦t✐❝ ♦r❞❡r✳ ◆♦t❡ t❤❛t r❡♣❡❛t❡❞
s✉❜s❝r✐♣ts ❞♦ ♥♦t ✐♠♣❧② s✉♠♠❛t✐♦♥ ✐♥ t❤❡ ❧❛tt❡r ❡①♣r❡ss✐♦♥ ❛♥❞ t❤r♦✉❣❤♦✉t t❤❡ ✇❤♦❧❡ ♣❛♣❡r✳
❆❝❝♦r❞✐♥❣ t♦ t❤❡ ●❑◆ ❛s②♠♣t♦t✐❝ ♠❡t❤♦❞✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss ✈❛r✐❛❜❧❡s
ξ1 =
x1
a
, ξ2 =
x2
a
, ξ3 =
x3
h
. ✭✶✻✮
❙✉❜st✐t✉t✐♥❣ ✭✶✻✮ ✐♥t♦ ✭✶✺✮✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛s
σ∗11,1 + ε
2σ∗12,2 + σ
∗
13,3 = 0,
ε2σ∗12,1 + σ
∗
22,2 + σ
∗
23,3 = 0,
ε2
(
σ∗13,1 + σ
∗
23,2
)
+ σ∗33,3 = 0,
σ∗11 = ε
2
(
κ2u∗1,1 + (κ
2 − 2) u∗2,2
)
+ (κ2 − 2) u∗3,3,
σ∗22 = ε
2
(
(κ2 − 2) u∗1,1 + κ2u∗2,2
)
+ (κ2 − 2) u∗3,3,
σ∗33 = ε
2 (κ2 − 2) (u∗1,1 + u∗2,2)+ κ2u∗3,3,
σ∗ij = u
∗
i,j + u
∗
j,i, i, j = 1, 2, 3 (i 6= j),
✭✶✼✮
✇✐t❤ ❝♦♠♠❛ ✐♥ t❤❡ s✉❜s❝r✐♣t ❞❡♥♦t✐♥❣ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss
✈❛r✐❛❜❧❡ ξj ❛♥❞
k2 =
2− 2ν
1− 2ν .
❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✹✮ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s
u∗3 (ξ1, ξ2, 0) =
1
h
(δ − ϕ (ξ1, ξ2)) , (ξ1, ξ2) ∈ G∗,
σ∗13 (ξ1, ξ2, 0) = σ
∗
23 (ξ1, ξ2, 0) = 0,
u∗1 (ξ1, ξ2, 1) = u
∗
2 (ξ1, ξ2, 1) = u
∗
3 (ξ1, ξ2, 1) = 0,
✭✶✽✮
✇❤❡r❡ G∗ ✐s t❤❡ r❡❣✐♦♥ ♦❢ ❝♦♥t❛❝t ✐♥ t❤❡ (ξ1, ξ2) ♣❧❛♥❡✳
■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥s ❧❡t ✉s tr❛♥s❢♦r♠ ✭✶✼✮ ✐♥t♦ t❤❡ ❢♦r♠ ♦❢ ▲❛♠é ❡q✉❛t✐♦♥s✱
❦❡❡♣✐♥❣ ♦♥❧② ✉♥❦♥♦✇♥ ❞✐s♣❧❛❝❡♠❡♥ts✳(
k2 − 1)u∗3,13 + u∗1,33 + ε2 (k2u∗1,11 + u∗1,22 + (k2 − 1)u∗2,12) = 0,(
k2 − 1)u∗3,23 + u∗2,33 + ε2 (u∗2,11 + k2u∗2,22 + (k2 − 1)u∗1,12) = 0,
k2u∗3,33 + ε
2
(
u∗3,11 + u
∗
3,22 +
(
k2 − 1) (u∗1,13 + u∗2,23)) = 0.
✭✶✾✮
✼
❆❢t❡r ❡❧✐♠✐♥❛t✐♥❣ str❡ss❡s✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✶✽✮ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠
u∗3 (ξ1, ξ2, 0) =
1
h
(δ − ϕ (ξ1, ξ2)) , (ξ1, ξ2) ∈ G∗,
u∗i,3 (ξ1, ξ2, 0) + u
∗
3,i (ξ1, ξ2, 0) = 0, i = 1, 2,
u∗1 (ξ1, ξ2, 1) = u
∗
2 (ξ1, ξ2, 1) = u
∗
3 (ξ1, ξ2, 1) = 0,
✭✷✵✮
❊q✉❛t✐♦♥s ✭✶✾✮ ❝♦♥t❛✐♥ ♦♥❧② ε2 t❡r♠s✱ t❤❡r❡❢♦r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛s②♠♣t♦t✐❝ ❡①♣❛♥s✐♦♥ ♠❛② ❜❡ ✉s❡❞
ui
∗ = ui
(0) + ε2ui
(1) + ε4ui
(2) + ... i = 1, 2, 3. ✭✷✶✮
✭◆♦t❡ t❤❛t ui
(k) ❛r❡ ❞✐♠❡♥s✐♦♥❧❡ss ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ k✲t❤ ♦r❞❡r ❢♦r i✲t❤ ❞✐s♣❧❛❝❡♠❡♥t✮✳
❚❤✉s✱ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ ♥♦♥✲❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s ✐s r❡❞✉❝❡❞ t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠✿
✭✐✮ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s
(
k2 − 1)u(0)3,i3 + u(0)i,33 = 0, i = 1, 2, ✭✷✷❛✮
k2u
(0)
3,33 = 0, ✭✷✷❜✮
❛♥❞ ✭✐✐✮ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s
u
(0)
3 =
1
h
(δ − ϕ (ξ1, ξ2)) , ξ3 = 0, ✭✷✸❛✮
u
(0)
i,3 + u
(0)
3,i = 0, ξ3 = 0, i = 1, 2, ✭✷✸❜✮
u
(0)
1 = u
(0)
2 = u
(0)
3 = 0, ξ3 = 1. ✭✷✸❝✮
❋✉rt❤❡r ✇❡ ❝♦♥s✐❞❡r ❛♥❞ s♦❧✈❡ ♦♥❧② t❤❡ ❛❜♦✈❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✭t❤❡
③❡r♦✲♦r❞❡r ♣r♦❜❧❡♠✮✳
✸✳✶ ▲❡❛❞✐♥❣ ♦r❞❡r s♦❧✉t✐♦♥
■t ❢♦❧❧♦✇s ❢r♦♠ ✭✷✷❜✮ t❤❛t
u
(0)
3 = ξ3F1 (ξ1, ξ2) + F2 (ξ1, ξ2) . ✭✷✹✮
❖♥ s❛t✐s❢②✐♥❣ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✭✷✸❛✮ ❛♥❞ ✭✷✸❝✮ ♦♥❡ ♦❜t❛✐♥s t❤❛t F2 =
1
h
(δ − ϕ) , F1 = −F2✳
❍❡♥❝❡✱ ✇❡ ❤❛✈❡
u
(0)
3 (ξ1, ξ2, ξ3) =
1
h
[δ − ϕ (ξ1, ξ2)] (1− ξ3) . ✭✷✺✮
❙✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ❧❛tt❡r ✐♥t♦ ✭✷✷❛✮ ②✐❡❧❞s
u
(0)
i,33 =
1
h
(
1− k2)ϕ,i i = 1, 2. ✭✷✻✮
❚❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥s ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str✉❝t✉r❡
u
(0)
i =
1
2h
(
1− k2)ϕ,iξ23 + ξ3F3i (ξ1, ξ2) + F4i (ξ1, ξ2) , i = 1, 2. ✭✷✼✮
❙✉❜st✐t✉t✐♥❣ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥s ✐♥t♦ ✭✷✸❜✮✱ ♦♥❡ ♦❜t❛✐♥s[
1
h
(
ξ3 − k2ξ3 − 1 + ξ3
)
ϕ,i + F3i
]∣∣∣∣
ξ3=0
= 0 ♦r F3i =
1
h
ϕ,i i = 1, 2.
✽
❚❛❦✐♥❣ t❤❡ ❧❛tt❡r ❡①♣r❡ss✐♦♥s ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✷✸❝✮ ✇❡ ❛rr✐✈❡ ❛t
F4i = −1
h
(
1 +
1− k2
2
)
ϕ,i =
1
2h
(
k2 − 3)ϕ,i i = 1, 2.
❋✐♥❛❧❧② t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r u
(0)
i ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿
u
(0)
i =
1
2h
ϕ,i
[(
1− k2) ξ23 + 2ξ3 + k2 − 3] i = 1, 2. ✭✷✽✮
❚❤✉s✱ t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts ♦❢ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❡
u
(0)
i =
1
2h
ϕ,i [(1− k2) ξ23 + 2ξ3 + k2 − 3] , i = 1, 2,
u
(0)
3 =
1
h
(δ − ϕ) (1− ξ3) .
✭✷✾✮
❇❡❝❛✉s❡ ✐♥ t❤❡ ❧❡❛❞✐♥❣ t❡r♠ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐t ✐s ❛ss✉♠❡❞ t❤❛t u∗1 ≈ u(0)1 , u∗2 ≈
u
(0)
2 , u
∗
3 ≈ u(0)3 ✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ✭✶✼✮ t❤❛t σ∗ii ≈ (k2 − 2) u∗3,3 (i = 1, 2)✱ σ∗33 ≈ k2u∗3,3✱ ❛♥❞ σ∗ij =
u∗i,j + u
∗
j,i (i, j = 1, 2, 3; i 6= j)✳
❚❤❡r❡❢♦r❡✱ t❤❡ ♥♦r♠❛❧✐③❡❞ str❡ss❡s ♦❢ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ❛r❡
σ∗ii ≈
1
h
(
2− k2) (δ − ϕ) , i = 1, 2,
σ∗33 ≈ −
k2
h
(δ − ϕ) ,
σ∗12 ≈
1
h
((
1− k2) ξ23 + 2ξ3 + k2 − 3)ϕ,12,
σ∗i3 ≈
1
h
ϕ,i
(
2− k2) ξ3, i = 1, 2.
✭✸✵✮
✸✳✷ ❙♦❧✉t✐♦♥ ✐♥ ❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡s
▲❡t ✉s ✇r✐t❡ t❤❡ ❛❜♦✈❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ ❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡s✳ ❯s✐♥❣
t❤❡ s❝❛❧✐♥❣ ❡①♣r❡ss✐♦♥s ✭✶✺✮✱ ✇❡ ♦❜t❛✐♥ ❢♦r t❤❡ ❞✐s♣❧❛❝❡♠❡♥ts
ui = εhu
∗
i ≈
h
2a
ϕ,i
((
1− k2) ξ23 + 2ξ3 + k2 − 3) , i = 1, 2,
u3 = hu
∗
3 ≈ (δ − ϕ) (1− ξ3) ,
✭✸✶✮
❛♥❞ t❤❡ str❡ss❡s
σii = µσ
∗
ii ≈
µ
h
(
2− k2) (δ − ϕ) , i = 1, 2,
σ33 = µσ
∗
33 ≈ −
µ
h
k2 (δ − ϕ) ,
σ12 = ε
2µσ∗12 ≈
µh
a2
((
1− k2) ξ23 + 2ξ3 + k2 − 3)ϕ,12,
σi3 = εµσ
∗
i3 ≈
µ
a
(
2− k2)ϕ,iξ3, i = 1, 2.
✭✸✷✮
r❡s♣❡❝t✐✈❡❧②✳
❈♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ ❢♦r♠✉❧❛ ❢r♦♠ ✭✸✷✮✳ ❙✐♥❝❡ t❤❡ ❝♦♥t❛❝t ♣r❡ss✉r❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s
p = − σ33|ξ3=0✱ ✐♥ ❧❡❛❞✐♥❣ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✇❡ ❤❛✈❡
p ≈ µ
h
k2 (δ − ϕ) . ✭✸✸✮
✾
❚❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡ ♠❛② ❜❡ ❢♦✉♥❞ ❢r♦♠ ✭✼✮✳
■t ✐s ❝❧❡❛r ❢r♦♠ ✭✸✸✮ t❤❛t ♣r❡ss✉r❡ ✈❛❧✉❡ ❛t ❛♥② ❣✐✈❡♥ ♣♦✐♥t ♦❢ ❝♦♥t❛❝t ❛r❡❛ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡
✈❡rt✐❝❛❧ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ t❤❛t ♣♦✐♥t ✭✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ δ − ϕ✮✳ ■♥ ❢❛❝t✱ t❤✐s ♠❡❛♥s t❤❛t t❤❡ t❤✐♥ ❧❛②❡r
❛tt❛❝❤❡❞ t♦ r✐❣✐❞ s✉❜str❛t❡ ❜❡❤❛✈❡s ❡①❛❝t❧② ❛s ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ✭❝♦♠♣❛r❡ ✭✸✸✮ ✇✐t❤
✭✽✮✮✳ ❚❤❡ st✐✛♥❡ss ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❢♦✉♥❞❛t✐♦♥ K ✐s ❞❡s❝r✐❜❡❞ ❜② ✭✶✵✮✳
❲✐t❤♦✉t ❞♦✉❜t t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ●❑◆ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❝✉rr❡♥t ❙❡❝t✐♦♥ ❛r❡
♠✉❝❤ ♠♦r❡ str❛✐❣❤t❢♦r✇❛r❞ t❤❛♥ t❤❡s❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ❛♣♣r♦❛❝❤✳ ❚❤❡ ❛❜♦✈❡ ❞✐r❡❝t ❛s②♠♣✲
t♦t✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ ●❑◆ ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤✱ ✐✳❡✳ t❤❡ ❞✐r❡❝t ❛s②♠♣t♦t✐❝ ✐♥t❡❣r❛t✐♦♥
♦❢ t❤❡ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠ ✉s✐♥❣ ✐❞❡❛s ❞❡s❝r✐❜❡❞ ✐♥ ❬✹✱ ✺✵❪✳ ❍♦✇❡✈❡r✱ ❛s ✐t ❤❛s ❜❡❡♥ ♠❡♥t✐♦♥❡❞
❛❜♦✈❡ t❤❡r❡ ✐s ❛♥♦t❤❡r ❞✐r❡❝t ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤ t♦ t❤❡ ♣r♦❜❧❡♠ ❞❡✈❡❧♦♣❡❞ ❜② ❆r❣❛t♦✈ ❛♥❞ ▼✐s❤✉r✐s
✐♥ ❬✸❪✳
▲❡t ✉s ❝♦♠♣❛r❡ t❤❡ t✇♦ ❞✐r❡❝t ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤❡s✿ ✭✐✮ t❤❡ ❆▼ ❛♣♣r♦❛❝❤ ❬✸❪ ❛♥❞ ✭✐✐✮ t❤❡ ●❑◆
♦♥❡ ❬✹❪✳ ■t ✐s ❝❧❡❛r t❤❛t t❤❡ ♣r♦♣❡r s❝❛❧✐♥❣ ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ ❜♦t❤ ❛♣♣r♦❛❝❤❡s✱ ♥❛♠❡❧② t❤❡ ✐♥❞❡♣❡♥❞❡♥t
✈❛r✐❛❜❧❡s ❛r❡ s❝❛❧❡❞ ❛s x1 = aξ1✱ x2 = aξ2✱ x3 = hξ3✳ ❍♦✇❡✈❡r✱ t❤❡ ●❑◆ ❛♣♣r♦❛❝❤ s❝❛❧❡s ❛❞❞✐t✐♦♥❛❧❧②
t❤❡ ✉♥❦♥♦✇♥ ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s ✉s✐♥❣ ✭✶✺✮✳ ❍❡♥❝❡✱ ✇♦r❦✐♥❣ ✐♥ t❤❡ ❆▼ t❡❝❤♥✐q✉❡s✱ ♦♥❡ ❤❛s
t♦ ❞❡❛❧ ✇✐t❤ t❤❡ t❡r♠s ♦❢ ♦r❞❡rs O (1)✱ O (ε)✱ O (ε2) ✐♥ t❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s✱ ✇❤✐❧❡ t❤❡ ●❑◆
❛♣♣r♦❛❝❤ r❡s✉❧ts ✐♥ t✇✐❝❡ ❧❡ss ❛♠♦✉♥t ♦❢ tr❛♥s❢♦r♠❛t✐♦♥s ❜❡❝❛✉s❡ t❤❡ ❡q✉❛t✐♦♥s ❝♦♥t❛✐♥ ♦♥❧② t❡r♠s
♦❢ ♦r❞❡rs O (1) ❛♥❞ O (ε2) ✐♥ t❤✐s ❝❛s❡✳ ■♥❞❡❡❞✱ t❤❡ ✉♥❦♥♦✇♥s ❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ✐♥ ❛s②♠♣t♦t✐❝ s❡r✐❡s
✉s✐♥❣ ♦♥❧② ❡✈❡♥ ♣♦✇❡rs ♦❢ ε ✐♥ t❤❡ ●❑◆ ❝❛s❡✱ ✇❤✐❧❡ ♦♥❡ ❤❛s t♦ ❝♦♥s✐❞❡r t❤❡ ❡q✉❛t✐♦♥s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ❛❧❧ ❝♦♥s❡❝✉t✐✈❡ ♣♦✇❡rs ♦❢ t❤❡ s♠❛❧❧ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ❆▼ ❛♣♣r♦❛❝❤✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛s t❤❡ r❡s✉❧t ♦❢
♣r♦♣❡r s❝❛❧✐♥❣ ✐♥ ❡❛❝❤ s✉❜s❡q✉❡♥t ❛♣♣r♦①✐♠❛t✐♦♥✱ ♦♥❡ ❤❛s ❛❧❧ t❤❡ ✉♥❦♥♦✇♥s t♦ ❜❡ ♥♦♥✲③❡r♦ ✇❤✐❧❡ ✐♥
t❤❡ ❆▼ ❝❛s❡ ✐♥ ❡❛❝❤ s✉❜s❡q✉❡♥t ❛♣♣r♦①✐♠❛t✐♦♥ s♦♠❡ ✉♥❦♥♦✇♥s ❛r❡ ❛❧✇❛②s ③❡r♦✳
❚❤❡ ❢✉rt❤❡r ❛♥❛❧②s✐s s❤♦✇s t❤❛t ❛❢t❡r ❛❧❧ t❤❡ ❜❛❝❦✲s✉❜st✐t✉t✐♦♥s ✭✐✳❡✳ ✭✸✶✮✲✭✸✷✮ ✐♥ ♦✉r ❝❛s❡✮ t❤❡
r❡s✉❧t✐♥❣ ❡①♣❛♥s✐♦♥s ✐♥ ❞✐♠❡♥s✐♦♥❛❧ ✈❛r✐❛❜❧❡s ❤❛✈❡ t❤❡ s❛♠❡ str✉❝t✉r❡ ✐♥ ❜♦t❤ ❛♣♣r♦❛❝❤❡s✳ ❍♦✇❡✈❡r✱
t❤❡s❡ ❡①♣❛♥s✐♦♥s ❛r❡ ♦❜t❛✐♥❡❞ ✐♥ t❤❡ ●❑◆ ❝❛s❡ ✉s✐♥❣ ♠✉❝❤ ❧❡ss❡r ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s ❛♥❞ ♠♦r❡
r❡❛s♦♥❛❜❧❡ s❝❛❧✐♥❣✳ ❚❤✐s s❝❛❧✐♥❣ ✐♥❞❡❡❞ ❝❛♥ ❜❡ ✈❡r✐✜❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ ❜② ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ ❛ ♠♦❞❡❧
♣r♦❜❧❡♠ ❢♦r ❛ s♣❡❝✐✜❝ ✐♥❞❡♥t❡r ♣r♦✜❧❡ ❛❧❧♦✇✐♥❣ s❡♣❛r❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s✱ s❛②✱ ♦❢ s✐♥✉s♦✐❞❛❧ s❤❛♣❡ ♦r
✉s✐♥❣ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s ❜② t❤❡ ❋✐♥✐t❡ ❊❧❡♠❡♥t ▼❡t❤♦❞✳
❚❤✉s✱ t❤❡ ●❑◆ ❛♣♣r♦❛❝❤ ✐s ♠♦r❡ ❢❛✈♦✉r❛❜❧❡ ❜❡❝❛✉s❡ ✐t ❜❡♥❡✜ts ❢r♦♠ ♠♦r❡ r❡❛s♦♥❛❜❧❡ s❝❛❧✐♥❣
❛♥❞ t✇✐❝❡ ❧❡ss❡r ♥✉♠❜❡r ♦❢ ♦♣❡r❛t✐♦♥s✳ ■t ✐s ❡✈✐❞❡♥t t❤❛t ✐❢ t❤❡ ●❑◆ ❛♣♣r♦❛❝❤ ✐s ❛♣♣❧✐❡❞ t♦ ❛ t❤✐♥
tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ❡❧❛st✐❝ ❧❛②❡r t❤❡♥ ♦♥❡ ♦❜t❛✐♥s ✭✶✸✮ ✐♥st❡❛❞ ♦❢ ✭✶✵✮✳
✹ ❆❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s ❢♦r ❛ t❤✐♥ ❡❧❛st✐❝ ❧❛②❡r
◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ s✐♠♣❧❡ ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ✇❤♦s❡ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ❛r❡ ❝❤❛r❛❝✲
t❡r✐③❡❞ ❜② t❤❡ ❢♦✉♥❞❛t✐♦♥ ♠♦❞✉❧✉s K✳ ❋✐rst ✇❡ ❞❡r✐✈❡ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❢♦r❝❡
✲❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡ ❢♦r ❛♥ ❛①✐s②♠♠❡tr✐❝ ♥♦♥✲❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❢♦r t❤❡ ❲✐♥❦❧❡r✲❋✉ss ❢♦✉♥✲
❞❛t✐♦♥✳ ❚❤❡♥ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❢♦r t❤❡ ❢♦✉♥❞❛t✐♦♥ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡
❏❑❘ ❛♣♣r♦❛❝❤✳
✹✳✶ ❚❤❡ s❧♦♣❡ ♦❢ t❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡ ❢♦r ❛♥ ❛①✐s②♠♠❡tr✐❝ ✐♥❞❡♥✲
t❡r ♣r❡ss✐♥❣ t❤❡ ❲✐♥❦❧❡r✲❋✉ss ❢♦✉♥❞❛t✐♦♥✳
■t ✐s ❦♥♦✇♥ ✭❡✳❣✳ ❬✶✺✕✶✼❪✮ t❤❛t ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡ ❝❛♥ ❜❡ ✉s❡❞ t♦
s♦❧✈❡ ♣r♦❜❧❡♠s ♦❢ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❏❑❘ ✐❞❡❛s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t ❛❧❧♦✇❡❞
t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✺✕✶✼❪ t♦ ♣r♦✈✐❞❡ ❝♦♠♣❛❝t s♦❧✉t✐♦♥s t♦ t❤❡ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s ✇✐t❤✐♥ t❤❡
❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❏❑❘ ❝♦♥t❛❝t t❤❡♦r②✳
❋✉rt❤❡r ✐♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ✇❡ ❛❧s♦ ✉s❡ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t
❝✉r✈❡ ♦❢ t❤❡ ♥♦♥✲❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ t♦ s✐♠♣❧✐❢② t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡ ❏❑❘ ❝♦♥t❛❝t
✶✵
t❤❡♦r②✳ ❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ s❧♦♣❡ ♦❢ t❤❡ P − δ ❝✉r✈❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳
▲❡t ✉s ❝♦♥s✐❞❡r ❛ s✐♠♣❧❡ ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ✇❤♦s❡ ❡❧❛st✐❝ ♣r♦♣❡rt✐❡s ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞
❜② t❤❡ ❢♦✉♥❞❛t✐♦♥ ♠♦❞✉❧✉s K✳ ❈♦♥s✐❞❡r ❛♥ ❛①✐s②♠♠❡tr✐❝ ❝♦♥✈❡①✱ s♠♦♦t❤ ✐♥❞❡♥t❡r ♦❢ ❛r❜✐tr❛r② s❤❛♣❡
f(r) ♣r❡ss❡❞ ✐♥t♦ t❤✐s ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥ ✭❋✐❣✳ ✷✮✳
■♥ t❤✐s ❝❛s❡ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ ✐s ❛ ❝✐r❝❧❡ ♦❢ r❛❞✐✉s a ❛♥❞ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❢♦✉♥❞❛t✐♦♥
❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
u3(r, 0) = δ − f(r), σ33(r, 0) ≤ 0, r ≤ a,
u3(r, 0) > δ − f(r), σ33(r, 0) = 0, (x1, x2) ∈ R2 \G,
✭✸✹✮
❙✐♥❝❡ t❤❡ ❝♦♥t❛❝t ♣r❡ss✉r❡ ❜❡❝♦♠❡s ③❡r♦ ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ r = a✱ ♦♥❡ ❝❛♥
❡❛s✐❧② ♦❜t❛✐♥ ❢r♦♠ ✭✸✸✮ t❤❛t δ − f(a) = 0 ❛♥❞ t❤❡r❡❢♦r❡
δ = f(a). ✭✸✺✮
❇❡❝❛✉s❡ t❤❡ ❢♦✉♥❞❛t✐♦♥ ✐s ❜♦✉♥❞❡❞ t♦ t❤❡ r✐❣✐❞ s✉♣♣♦rt✱ t❤❡ ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ❧❛②❡r
❛r❡
u3(r, h) = 0. ✭✸✻✮
❋✐❣✉r❡ ✷✿ Pr♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❲✐♥❦❧❡r✲t②♣❡ ❢♦✉♥❞❛t✐♦♥
❚❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ❜♦❞② ✉♥❞❡r t❤❡ ❝r♦ss✕s❡❝t✐♦♥ ♦❢ ❤❡✐❣❤t δ ✐s ❣✐✈❡♥ ❜②
V = 2π
∫
∞
0
[δ − f(r)]H[δ − f(r)]rdr,
✇❤❡r❡ H ✐s t❤❡ ❍❡❛✈✐s✐❞❡ st❡♣ ❢✉♥❝t✐♦♥✳ ❯s✐♥❣ ✭✸✺✮ t❤✐s ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ❛s
V = 2π
[
0.5δa2 −
∫ a
0
f(r)rdr
]
= π
[
f(a)a2 − 2
∫ a
0
f(r)rdr
]
.
❍❡♥❝❡✱ ❢♦r t❤❡ ❝♦♥t❛❝t ❢♦r❝❡ ❛❝❝♦r❞✐♥❣ t♦ ✭✾✮✱ ✇❡ ❤❛✈❡
P = 2πK
[
0.5δa2 −
∫ a
0
f(r)rdr
]
. ✭✸✼✮
❇② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✭✸✼✮✱ ✇❡ ♦❜t❛✐♥
dP
da
= 2πK
[
0.5a2
dδ
da
+ δa− f(a)a
]
.
✶✶
❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❡ ✜♥❛❧ r❡s✉❧t ❢♦r t❤❡ s❧♦♣❡
S(a) =
dP/da
dδ/da
=
dP
dδ
= πa2K. ✭✸✽✮
❚❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✐s ❛❧s♦ ✈❛❧✐❞ ❢♦r ❧❡❛❞✐♥❣ ♦r❞❡r ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ s♦❧✉t✐♦♥s ❢♦r ✐s♦tr♦♣✐❝ ❛♥❞
tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ❧✐♥❡❛r ♦r ❧✐♥❡❛r✐③❡❞ ❡❧❛st✐❝ ❧❛②❡rs✳ ■❢ t❤❡ ♠❛t❡r✐❛❧ ✐s ✐s♦tr♦♣✐❝ t❤❡♥ K ✐s ❞❡✜♥❡❞
❜② ✭✶✵✮✱ ✐❢ ❝♦❛t✐♥❣ ✐s ♠✉❧t✐❧❛②❡r❡❞ ♦r ✐t ✐s tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ t❤❡♥ K ✐s ❞❡✜♥❡❞ ❜② ✭✶✷✮ ♦r ✭✶✸✮
r❡s♣❡❝t✐✈❡❧②✳
❈♦♠♠❡♥t✳ ❨❛♥❣ ❬✸✻❪ ❝♦♥s✐❞❡r❡❞ t❤r❡❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ❜♦t❤ ♥♦♥✲❛❞❤❡s✐✈❡ ❛♥❞ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t
♣r♦❜❧❡♠s ❢♦r ❛♥ ✐s♦tr♦♣✐❝ ❧❛②❡r ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❤✐s ❛♣♣r♦①✐♠❛t❡ ♠♦❞❡❧✿ ✢❛t✲❡♥❞❡❞ ❝②❧✐♥❞r✐❝❛❧✱
s♣❤❡r✐❝❛❧ ❛♥❞ ❝♦♥✐❝❛❧ ✐♥❞❡♥t❡rs✳ ❋♦r ❡❛❝❤ ♦❢ t❤❡ ❝❛s❡s ♦❢ ♥♦♥✲❛❞❤❡s✐✈❡ ❝♦♥t❛❝t✱ t❤❡ s❧♦♣❡
dP
dδ
✇❛s
❡✈❛❧✉❛t❡❞ ✐♥❞✐✈✐❞✉❛❧❧②✳ ❊✈✐❞❡♥t❧②✱ t❤❡s❡ r❡s✉❧ts ❛r❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ✭✸✽✮✳ ❚❤❡ s♦❧✉t✐♦♥s ❢♦r ❡❛❝❤
❝❛s❡ ♦❢ ✐♥❞❡♥t❡rs ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥❞✐✈✐❞✉❛❧❧② ❞✐sr❡❣❛r❞✐♥❣ t❤❛t ❛❧❧ t❤❡ t❤r❡❡ s❤❛♣❡s ❛r❡ ♣❛rt✐❝✉❧❛r
❝❛s❡s ♦❢ ♣♦✇❡r ❧❛✇ ✐♥❞❡♥t❡r f (r) = Brd✳
✹✳✷ ❏❑❘✲t②♣❡ ❛❞❤❡s✐♦♥ ♣r♦❜❧❡♠s ❢♦r ❛①✐s②♠♠❡tr✐❝ ✐♥❞❡♥t❡r ❛♥❞ ❲✐♥❦❧❡r✲
❋✉ss ❢♦✉♥❞❛t✐♦♥
❖✉r ❛♣♣r♦❛❝❤ ✇❛s ❛♥♥♦✉♥❝❡❞ ✐♥ ❬✺✸❪✱ ✇❤❡r❡ ✇❡ ❝❧❛✐♠❡❞ t❤❛t ✉s✐♥❣ t❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ ❬✶❪ ✇❡
❝❛♥ s♦❧✈❡ ♣r♦❜❧❡♠s ♦❢ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ❢♦r t❤❡ ✐♥❞❡♥t❡r ❛♥❞ ❛ ❧❛②❡r r❡♣r❡s❡♥t❡❞ ❛s t❤❡ ❲✐♥❦❧❡r✲
❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ♥♦ ❞❡t❛✐❧ ♦❢ ♦✉r ❝❛❧❝✉❧❛t✐♦♥s ✇❡r❡ ♣✉❜❧✐s❤❡❞✳ ❚❤❡ ❏❑❘ ❛♣♣r♦❛❝❤
t♦ ❛❞❤❡s✐♦♥ ❝♦♥t❛❝t ♣r♦❜❧❡♠s ❢♦r t❤❡ ❲✐♥❦❧❡r✲❋✉ss ❢♦✉♥❞❛t✐♦♥ ✇❡r❡ ❛❧s♦ st✉❞✐❡❞ ❡❛r❧✐❡r ❜② ♦t❤❡r
r❡s❡❛r❝❤❡rs✳ ❆s ✐t ❤❛s ❜❡❡♥ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ❨❛♥❣ ❬✸✻❪ ❝♦♥s✐❞❡r❡❞ s❡♣❛r❛t❡❧② ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t
♣r♦❜❧❡♠s ❢♦r t❤r❡❡ ❝❛s❡s ♦❢ ✐♥❞❡♥t❡rs ❞✐sr❡❣❛r❞✐♥❣ t❤❛t ❛❧❧ t❤❡ t❤r❡❡ s❤❛♣❡s ❛r❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢
♣♦✇❡r ❧❛✇ ✐♥❞❡♥t❡r f (r) = Brd✳ ❚❤❡ ❛♣♣r♦❛❝❤ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✺✹❪ ✇❛s ❜❛s❡❞ ♦♥ ❛ ❝♦♥s❡r✈❛t✐♦♥ ♦❢
❡♥❡r❣②✱ ❤♦✇❡✈❡r t❤❡ ❣❡♦♠❡tr✐❝❛❧❧② ♥♦♥✲❧✐♥❡❛r ❢♦r♠✉❧❛t✐♦♥ ✇❛s ✉s❡❞✱ ✇❤✐❧❡ ❤❡r❡ ✇❡ ❞❡✈❡❧♦♣ ❛♣♣r♦❛❝❤❡s
❜❛s❡❞ ♦♥ ❣❡♦♠❡tr✐❝❛❧❧② ❧✐♥❡❛r ❢♦r♠✉❧❛t✐♦♥s ♦❢ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s✳
❋♦❧❧♦✇✐♥❣ t❤❡ ❏❑❘ ✐❞❡❛✱ ✇❡ ❝❛♥ ♥♦t❡ t❤❛t ✐❢ t❤❡r❡ ✇❡r❡ ♥♦ s✉r❢❛❝❡ ❢♦r❝❡s ♦❢ ❛ttr❛❝t✐♦♥✱ t❤❡ r❛❞✐✉s
♦❢ t❤❡ ❝♦♥t❛❝t ❛r❡❛ ✉♥❞❡r ❛ ♣✉♥❝❤ s✉❜❥❡❝t❡❞ t♦ t❤❡ ❡①t❡r♥❛❧ ❧♦❛❞ P0 ✇♦✉❧❞ ❜❡ a0 ❛♥❞ ✐t ❝♦✉❧❞ ❜❡
❢♦✉♥❞ ❜② s♦❧✈✐♥❣ t❤❡ ❍❡rt③✲t②♣❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠✳ ❍♦✇❡✈❡r✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❢♦r❝❡s ♦❢ ♠♦❧❡❝✉❧❛r
❛❞❤❡s✐♦♥✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥t❛❝t r❛❞✐✉s a1 ✐s ❣r❡❛t❡r t❤❛♥ a0 ✉♥❞❡r t❤❡ s❛♠❡ ❢♦r❝❡ P0 ✭❋✐❣✳ ✸✮✳
❍❡♥❝❡✱ t❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ t❤❡ ❝♦♥t❛❝t s②st❡♠ UT ✐s ❜✉✐❧t ✉♣ ♦❢ t❤r❡❡ t❡r♠s✱ t❤❡ st♦r❡❞ ❡❧❛st✐❝ ❡♥❡r❣②
UE✱ t❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡♥❡r❣② ✐♥ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ UM ❛♥❞ t❤❡ s✉r❢❛❝❡ ❡♥❡r❣② US✱ ✇❤✐❧❡ UE ✐s ❝❛❧❝✉❧❛t❡❞
❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ st♦r❡❞ ❡❧❛st✐❝ ❡♥❡r❣✐❡s (UE)1 ❛♥❞ (UE)2✳ ❍❡r❡ (UE)1 ✐s t❤❡ ❡❧❛st✐❝
❡♥❡r❣② ♦❢ ❍❡rt③✲t②♣❡ ❝♦♥t❛❝t s②st❡♠ ✇✐t❤♦✉t ❛❞❤❡s✐✈❡ ✐♥t❡r❛❝t✐♦♥s❀ t❤❡ s②st❡♠ ✐s ❧♦❛❞❡❞ ✉♥t✐❧ t❤❡
tr✉❡ ❝♦♥t❛❝t r❛❞✐✉s a1 ✐s ♦❜t❛✐♥❡❞✱ ❤♦✇❡✈❡r t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡①t❡r♥❛❧ ❧♦❛❞ P1 ❛♥❞
t❤❡ ❞✐s♣❧❛❝❡♠❡♥t δ1 ❛r❡ ♥♦t ❝♦rr❡❝t✳ (UE)2 ✐s t❤❡ ❡❧❛st✐❝ ❡♥❡r❣② ♦❢ ❇♦✉ss✐♥❡sq✲t②♣❡ ❝♦♥t❛❝t s②st❡♠
❢♦r ❛ ✢❛t ❡♥❞❡❞ ✐♥❞❡♥t❡r ❤❛✈✐♥❣ ❝♦♥st❛♥t r❛❞✐✉s❀ t❤❡ s②st❡♠ ✐s ❦❡❡♣✐♥❣ t❤❡ tr✉❡ ❝♦♥t❛❝t r❛❞✐✉s ❛♥❞
✐t ✐s ✉♥❧♦❛❞❡❞ ❢r♦♠ P1 t♦ t❤❡ ✈❛❧✉❡ ♦❢ tr✉❡ ❡①t❡r♥❛❧ ❧♦❛❞ P0 ❛♥❞ t❤❡ tr✉❡ ❞✐s♣❧❛❝❡♠❡♥t ✈❛❧✉❡ δ2 ✐s
❝❛❧❝✉❧❛t❡❞ ❛ss✉♠✐♥❣ t❤❛t t❤❡ t♦t❛❧ ❡♥❡r❣② ❤❛s ♠✐♥✐♠✉♠ ❛t ❡q✉✐❧✐❜r✐✉♠✳ ❲❡ ✇✐❧❧ ❦❡❡♣ ❢✉rt❤❡r ✐♥ t❤✐s
s✉❜s❡❝t✐♦♥ t❤❡ ♦r✐❣✐♥❛❧ ❏❑❘ ♥♦t❛t✐♦♥s a1✱ δ2 ❛♥❞ P0 ♦❢ t❤❡ tr✉❡ ✈❛❧✉❡s ❢♦r t❤❡ ❝♦♥t❛❝t r❛❞✐✉s✱ ❞❡♣t❤
♦❢ ✐♥❞❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ❢♦r❝❡ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✇r✐t❡
(UE)1 = P1δ1 −
∫ P1
0
δdP. ✭✸✾✮
❯s✐♥❣ ❛♥ ❛♥❛❧♦❣② t♦ t❤❡ ❇♦✉ss✐♥❡sq s♦❧✉t✐♦♥✱ ✇❡ ♦❜t❛✐♥ ❢♦r t❤❡ ✉♥❧♦❛❞✐♥❣ ❜r❛♥❝❤
(UE)2 =
∫ P1
P0
P
S(a1)
dP =
P 21 − P 20
2S(a1)
. ✭✹✵✮
✶✷
❋✐❣✉r❡ ✸✿ ❈♦♥str✉❝t✐♦♥ ♦❢ ❏❑❘ ❧♦❛❞✲❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡
❚❤✉s✱ t❤❡ st♦r❡❞ ❡❧❛st✐❝ ❡♥❡r❣② UE ✐s
UE = (UE)1 − (UE)2. ✭✹✶✮
❚❤❡ ♠❡❝❤❛♥✐❝❛❧ ❡♥❡r❣② ✐♥ t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞
UM = −P0δ2 = −P0(δ1 −∆δ), ✭✹✷✮
✇❤❡r❡ ∆δ = δ1 − δ2 ✐s t❤❡ ❝❤❛♥❣❡ ✐♥ t❤❡ ❞❡♣t❤ ♦❢ ♣❡♥❡tr❛t✐♦♥ ❞✉❡ t♦ ✉♥❧♦❛❞✐♥❣✳
❙✐♥❝❡ ♦♥❧② t❤❡ s✉r❢❛❝❡ ❛❞❤❡s✐✈❡ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤✐♥ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✭♦♥❡
♥❡❣❧❡❝ts t❤❡ ❛❞❤❡s✐✈❡ ❢♦r❝❡s ❛❝t✐♥❣ ♦✉ts✐❞❡ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥✮✱ t❤❡ s✉r❢❛❝❡ ❡♥❡r❣② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
US = −wπa21. ✭✹✸✮
❚❤❡ t♦t❛❧ ❡♥❡r❣② UT ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s✉♠♠❛t✐♦♥ ♦❢ ✭✹✶✮✱ ✭✹✷✮ ❛♥❞ ✭✹✸✮✱ ✐✳❡✳
UT = UE + UM + US. ✭✹✹✮
■t ✐s ❛ss✉♠❡❞ ✐♥ t❤❡ ❏❑❘ ♠♦❞❡❧ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛t ❝♦♥t❛❝t s❛t✐s✜❡s t❤❡ ❡q✉❛t✐♦♥
dUT
da1
= 0, ♦r
dUT
dP1
= 0. ✭✹✺✮
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❛♥ ❛♥❛❧♦❣② t♦ t❤❡ ❇♦✉ss✐♥❡sq s♦❧✉t✐♦♥ ✱ ♦♥❡ ♦❜t❛✐♥s ❢♦r t❤❡ ✉♥❧♦❛❞✐♥❣ ❜r❛♥❝❤
∆δ =
P1 − P0
S(a1)
,
❛♥❞ t❤❡r❡❢♦r❡✱ ♦♥❡ ❤❛s
UM = −P0
(
δ1 − P0P1 − P0
S(a1)
)
❛♥❞ (UE)2 =
P 21 − P 20
2S(a1)
.
❍❡♥❝❡✱ t❤❡ t♦t❛❧ ❡♥❡r❣② UT ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
UT = P1δ1 −
∫ P1
0
δ(P )dP − (P
2
1 − P 20 )
2S(a1)
− P0δ1 + P0 (P1 − P0)
S(a1)
− wπa21
✶✸
♦r
UT = P1δ1 −
∫ P1
0
δ(P )dP − (P1 − P0)
2
2S(a1)
− P0δ1 − wπa21.
❋✐♥❛❧❧②✱ ♦♥❡ ♦❜t❛✐♥s
UT = (P1 − P0)δ1 −
∫ P1
0
δ(P )dP − (P1 − P0)
2
2S(a1)
− wπa21. ✭✹✻✮
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s
d
dP1
[(P1 − P0)δ1] = (P1 − P0) dδ1
dP1
+ δ1 =
(P1 − P0)
S(a1)
+ δ1,
d
dP1
∫ P1
0
δ(P )dP = δ(P1) = δ1,
❛♥❞
d
dP1
(P1 − P0)2
2S(a1)
=
(P1 − P0)
S(a1)
− (P1 − P0)
2
2S2(a1)
dS
da1
da1
dP1
,
❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ✭✹✺✮ t♦ ✭✹✻✮✱ ♦♥❡ ♦❜t❛✐♥s
dUT
dP1
=
(P1 − P0)
S(a1)
+ δ1 − δ1 − (P1 − P0)
S(a1)
+
(
(P1 − P0)2
2S2(a1)
dS
da1
− 2wπa1
)(
da1
dP1
)
= 0. ✭✹✼✮
❉✉❡ t♦ t❤❡ ❡①♣r❡ss✐♦♥s ✭✸✽✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✹✼✮ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛❧ ❏❑❘
♠♦❞❡❧ ✐s
dUT
dP1
=
[
(P1 − P0)2
πKa31
− 2wπa1
]
da1
dP1
= 0 ✭✹✽✮
♦r
(P1 − P0)2 = 2π2wKa41. ✭✹✾✮
❋✉rt❤❡r ♦♥❡ ❤❛s
P1 − P0 =
√
2wKπa21 = πKa
2
1∆δ
❛♥❞ ❤❡♥❝❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ✐s ✈❛❧✐❞
∆δ =
√
2wKπa21
πKa21
=
√
2w
K
.
❚❤✉s✱ ❢♦r ❛♥ ❛r❜✐tr❛r② ❝♦♥✈❡① ❜♦❞② ♦❢ r❡✈♦❧✉t✐♦♥ f(r)✱ f(0) = 0✱ t❤❡ ❏❑❘ t❤❡♦r② ❧❡❛❞s t♦ t❤❡
❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥s
P1 = P0 +
√
2wKπa21, δ2 = δ1 −
√
2w
K
. ✭✺✵✮
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❢♦r♠✉❧❛❡ ✭✸✺✮ ❛♥❞ ✭✸✼✮✱ t❤❡ r❡❧❛t✐♦♥s ✭✺✵✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
P0 = P1 −
√
2wKπa21 = πK
[
f(a1)a
2
1 − 2
∫ a1
0
f(r)rdr
]
−
√
2wKπa21 ✭✺✶✮
❛♥❞
δ2 = f(a1)−
(
2w
K
)1/2
. ✭✺✷✮
✶✹
❋✉rt❤❡r ✇❡ r❡♠♦✈❡ ❛✉①✐❧✐❛r② s✉❜s❝r✐♣ts ❛♥❞ ✇✐❧❧ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s P ✱ δ ❛♥❞ a ✐♥st❡❛❞ ♦❢ P0✱ δ2 ❛♥❞
a1 ❢♦r t❤❡ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡ ❢♦r❝❡✱ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ✐♥❞❡♥t❡r ❛♥❞ t❤❡ ❝♦♥t❛❝t r❛❞✐✉s ✐♥ ❛❞❤❡s✐✈❡
❝♦♥t❛❝t ♣r♦❜❧❡♠✳
❋✐♥❛❧❧②✱ ❛❢t❡r s✐♠♣❧❡ tr❛♥s❢♦r♠❛t✐♦♥s t❤❡ r❡❧❛t✐♦♥s ✭✺✶✮ ❛♥❞ ✭✺✷✮ ❜❡t✇❡❡♥ t❤❡ tr✉❡ ✈❛❧✉❡s ♦❢ t❤❡
❢♦r❝❡✱ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ✐♥❞❡♥t❡r ❛♥❞ t❤❡ ❝♦♥t❛❝t r❛❞✐✉s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
P = πKa2
(
f(a)−
√
2w
K
)
− 2πK
∫ a
0
f(r)rdr ✭✺✸✮
❛♥❞
δ = f(a)−
√
2w
K
. ✭✺✹✮
◆♦t❡ t❤❛t t❤❡ ❛❜♦✈❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ❏❑❘ ❛♣♣r♦❛❝❤ ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ✐♥ ❣❡♥❡r❛❧ ❢♦r♠✱ ✇✐t❤♦✉t
s♣❡❝✐❢②✐♥❣ t❤❡ ♣❛rt✐❝✉❧❛r ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ s❧♦♣❡ ♦❢ t❤❡ P − δ ❝✉r✈❡ S(a) ✉♥t✐❧ t❤❡ ❧❛st st❛❣❡✳ ❚❤✐s
♠❛❦❡s t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ♠♦r❡ ❝♦♠♣❛❝t ❛♥❞ ❡❛s✐❡r t♦ r❡❛❞✳
✹✳✸ ❆❞❤❡s✐✈❡ ✐♥❞❡♥t❛t✐♦♥ ♦❢ ❛♥ ❡❧❛st✐❝ ❧❛②❡r ❜② ♥♦♥✲✐❞❡❛❧ s❤❛♣❡❞ ✐♥❞❡♥t❡rs
❚❤❡ ❞❡♣t❤✲s❡♥s✐♥❣ ✐♥❞❡♥t❛t✐♦♥ ✭❉❙■✮ ✐s t❤❡ ❝♦♥t✐♥✉♦✉s❧② ♠♦♥✐t♦r✐♥❣ ♦❢ t❤❡ P − δ ❞✐❛❣r❛♠ ✇❤❡r❡ P
✐s t❤❡ ❛♣♣❧✐❡❞ ❧♦❛❞ ❛♥❞ δ ✐s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✭t❤❡ ❛♣♣r♦❛❝❤ ♦❢ t❤❡ ❞✐st❛♥t ♣♦✐♥ts ♦❢ t❤❡ ✐♥❞❡♥t❡r
❛♥❞ t❤❡ s❛♠♣❧❡✮✳ ❉❙■ t❡❝❤♥✐q✉❡s ❛r❡ ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t ✇❤❡♥ ♠❡❝❤❛♥✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ♠❛t❡r✐❛❧s
❛r❡ st✉❞✐❡❞ ✉s✐♥❣ ✈❡r② s♠❛❧❧ ✈♦❧✉♠❡s ♦❢ ♠❛t❡r✐❛❧s s✉❝❤ ❛s t❤✐♥ ✜❧♠s✳ ❍❡♥❝❡✱ t❤❡ ♣r❡s❡♥t ❛s②♠♣t♦t✐❝
❛♣♣r♦❛❝❤ ♠❛② ❜❡ ✉s❡❞ ✐♥ ♠❛t❡r✐❛❧ t❡st✐♥❣ ✭❤♦✇❡✈❡r✱ t❤❡s❡ q✉❡st✐♦♥s ❛r❡ ♦✉t t❤❡ s❝♦♣❡ ♦❢ t❤❡ ♣❛♣❡r✮✳ ■t
✐s ✉s✉❛❧❧② ❛ss✉♠❡❞ t❤❛t t❤❡ ✐♥❞❡♥t❡r ✐s ❛ s❤❛r♣ ♣②r❛♠✐❞ ♦r ❛ ❝♦♥❡✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥❞❡♥t❡r s❤❛♣❡ ♥❡❛r
t❤❡ t✐♣ ❤❛s s♦♠❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ ✐ts ♥♦♠✐♥❛❧ s❤❛♣❡✳ ❚❤❡ s❤❛♣❡s ♦❢ t❤❡s❡ ♥♦♥✲✐❞❡❛❧ s❤❛♣❡❞ ✐♥❞❡♥t❡rs
♠❛② ❜❡ ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❛s ♠♦♥♦♠✐❛❧ ❢✉♥❝t✐♦♥s ♦❢ r❛❞✐✉s
f(r) = Bdr
d, d ≥ 1 ✭✺✺✮
✇❤❡r❡ Bd ✐s t❤❡ ❝♦♥st❛♥t ♦❢ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ♠♦♥♦♠✐❛❧ ❢✉♥❝t✐♦♥ ♦❢ ❞❡❣r❡❡ d ✭s❡❡✱ ❬✶✸✱ ✶✼✱ ✺✺❪ ❢♦r
❞❡t❛✐❧s✮✳ ❋♦r ✐♥❞❡♥t❡rs✱ ✇❤♦s❡ s❤❛♣❡ ✐s ❞❡s❝r✐❜❡❞ ❜② ✭✺✺✮✱ t❤❡ ❣❡♥❡r❛❧ ❡①♣r❡ss✐♦♥s ✭✺✸✮ ❛♥❞ ✭✺✹✮ ❤❛✈❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠
P = πK
(
d
d+ 2
Bda
d+2 −
√
2w
K
a2
)
✭✺✻✮
❛♥❞
δ = Bda
d −
√
2w
K
. ✭✺✼✮
■t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✻✮ ❛♥❞ ✭✺✼✮ t❤❛t t❤❡ r❡❧❛t✐♦♥ P (δ) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ♥♦t ♦♥❧② ✐♥ ❛ ♣❛r❛♠❡tr✐❝ ❢♦r♠
❜✉t ❛❧s♦ ❛s ❛♥ ❡①♣❧✐❝✐t r❡❧❛t✐♦♥
P =
πK
d+ 2
[
1
Bd
(
δ +
√
2w
K
)]2/d(
δd− 2
√
2w
K
)
. ✭✺✽✮
■♥ ♦r❞❡r t♦ ✇r✐t❡ t❤❡ ❧❛tt❡r ❡①♣r❡ss✐♦♥s ✐♥ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r♠✱ ❧❡t ✉s ❢♦❧❧♦✇ t❤❡ s❛♠❡ ♣r♦❝❡❞✉r❡
❛s ✐t ✇❛s ✉s❡❞ ✐♥ ❬✶✹✱✶✺❪ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❏❑❘ t❤❡♦r② ❢♦r ❡❧❛st✐❝ s♦❧✐❞s✳
■t ❢♦❧❧♦✇s ❢r♦♠ ✭✺✻✮ t❤❛t ❛t P = 0 t❤❡ r❛❞✐✉s a ♦❢ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❞✐s♣❧❛❝❡♠❡♥t δc = δ[a(0)] ❛r❡
a(0) =
(
d+ 2
dBd
√
2w
K
)1/d
, δc = δ[a(0)] =
2
d
√
2w
K
. ✭✺✾✮
✶✺
❋✉rt❤❡r ♥♦t❡ t❤❛t
dP
dδ
=
dP
da
/
dδ
da
.
❚❤❡r❡❢♦r❡✱ t❤❡ r♦♦t ✭ac✮ ♦❢ t❤❡ ❡q✉❛t✐♦♥
dP
da
= 0
✐s t❤❡ ❝r✐t✐❝❛❧ r❛❞✐✉s ♦❢ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥✳ ■t ❣✐✈❡s t❤❡ ♠❛①✐♠✉♠ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❛❞❤❡r❡♥❝❡
❢♦r❝❡ Pc = −P (ac)✳ ❚❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ✭✺✻✮✱ ✇❡ ♦❜t❛✐♥
ac =
(
2
dBd
√
2w
K
)1/d
. ✭✻✵✮
❙✉❜st✐t✉t✐♥❣ ✭✻✵✮ ✐♥t♦ ✭✺✻✮✱ ✇❡ ♦❜t❛✐♥
Pc = −P (ac) = πK d
d+ 2
(
2
dBd
)2/d(
2w
K
)(2+d)/2d
. ✭✻✶✮
❆s ✐t ✇❛s ♠❡♥t✐♦♥❡❞ ✐♥ ❬✶✹❪✱ ✈❛r✐♦✉s ✈❛r✐❛❜❧❡s ♠❛② ❜❡ ✉s❡❞ t♦ ✇r✐t❡ t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss s♦❧✉t✐♦♥s✳
■♥ ♣❛rt✐❝✉❧❛r✱ ❜♦t❤ ✈❛❧✉❡s a(0) ❛♥❞ ac ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ❝❤❛r❛❝t❡r✐st✐❝ s✐③❡ ♦❢ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ ✐♥
♦r❞❡r t♦ ✇r✐t❡ ❞✐♠❡♥s✐♦♥❧❡ss ♣❛r❛♠❡t❡rs✳
■❢ ♦♥❡ t❛❦❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣❛r❛♠❡t❡rs ❛s ac✱ Pc ❛♥❞ δc✱ t❤❡♥ s✉❜st✐t✉t✐♥❣ ✭✺✾✮✱ ✭✻✶✮ ❛♥❞ ✭✻✵✮
✐♥t♦ t❤❡ s②st❡♠ ✭✺✻✮ ❛♥❞ ✭✺✼✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss ❡q✉❛t✐♦♥s
P/Pc =
d+ 2
d
[
2
d+ 2
(a/ac)
d+2 − (a/ac)2
]
, ✭✻✷✮
δ
δc
=
(
a
ac
)d
− d
2
. ✭✻✸✮
❛♥❞
P/Pc =
(
2
d
)1−2/d(
2
d
δ
δc
+ 1
)2/d(
δ
δc
− 1
)
. ✭✻✹✮
▲❡t ✉s ❝♦♥s✐❞❡r ❛♥♦t❤❡r ✈❛r✐❛♥t ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣❛r❛♠❡t❡rs✱ ♥❛♠❡❧② t❛❦❡ a(0) ❛s t❤❡ ❝❤❛r✲
❛❝t❡r✐st✐❝ s✐③❡ ♦❢ t❤❡ ❝♦♥t❛❝t r❡❣✐♦♥ ✐♥ ♦r❞❡r t♦ ✇r✐t❡ ❞✐♠❡♥s✐♦♥❧❡ss ♣❛r❛♠❡t❡rs✳ ✈❛❧✉❡✳ ❚❤❡ t✇♦
r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡rs ❛r❡ ❝❤♦s❡♥ ❛s ❢♦❧❧♦✇s✿
a∗ = a(0), P ∗ = πK
(
d+ 2
dBd
) 2
d
(
2w
K
) 2+d
2d
, δ∗ =
√
2w
K
. ✭✻✺✮
❚❤❡♥ ✭✺✻✮ ❛♥❞ ✭✺✼✮ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r♠
P/P ∗ = (a/a∗)d+2 − (a/a∗)2 ✭✻✻✮
❛♥❞
δ
δ∗
=
d+ 2
d
( a
a∗
)d
− 1. ✭✻✼✮
✶✻
✹✳✹ ❆❞❤❡s✐✈❡ ❝♦♥t❛❝t ♦❢ ❛ s♣❤❡r✐❝❛❧ ✐♥❞❡♥t❡r
❋♦r ❛ s♣❤❡r✐❝❛❧ ✐♥❞❡♥t❡r ♦❢ r❛❞✐✉s R✱ ✇❡ ❝❛♥ r❡♣r❡s❡♥t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✐♥❞❡♥t❡r ❛s ❛ ♣❛r❛❜♦❧✐❞ ♦❢
r❡✈♦❧✉t✐♦♥✿
f(r) =
r2
2R
,
✐✳❡✳
d = 2 ❛♥❞ B2 = (2R)
−1 ✭✻✽✮
◆♦✇ ✇❡ s✉❜st✐t✉t❡ t❤❡s❡ ✈❛❧✉❡s ✐♥t♦ t❤❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥✳ ❋r♦♠ ✭✺✻✮ ❛♥❞ ✭✺✼✮✱ ✇❡
♦❜t❛✐♥
P = πK
(
1
4R
a4 −
√
2w
K
a2
)
δ = a2/(2R)−
√
2w
K
.
✭✻✾✮
❛♥❞ ❢r♦♠ ✭✺✽✮ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣❧✐❝✐t ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t r❡❧❛t✐♦♥ ✐s ♦❜t❛✐♥❡❞✿
P = πKR
[(
δ +
√
2w
K
)(
δ −
√
2w
K
)]
= πRK
(
δ2 − 2w
K
)
. ✭✼✵✮
❙✉❜st✐t✉t✐♥❣ ✭✻✽✮ ✐♥t♦ ✭✺✻✮✱ ✭✻✵✮ ❛♥❞ ✭✻✶✮✱ ✇❡ ♦❜t❛✐♥
ac =
(
8R2w
K
)1/4
, a(0) =
(
32R2w
K
)1/4
, ✭✼✶✮
Pc = −P (ac) = 2πRw ❛♥❞ δc = δ[a(0)] =
√
2w
K
. ✭✼✷✮
❚❤❡ ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t r❡❧❛t✐♦♥ ✐♥ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ✇✐t❤♦✉t ❛❞❤❡s✐♦♥ ✐s ❛ ♣❛r❛❜♦❧❛ P =
πRKδ2✱ ✇❤✐❧❡ ✐♥ t❤❡ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠✱ t❤❡ r❡❧❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ✭✼✵✮✱ ✐✳❡✳ ✐t ✐s t❤❡ s❛♠❡
♣❛r❛❜♦❧❛ s❤✐❢t❡❞ ❜② t❤❡ ✈❛❧✉❡ Pc ✐♥ t❤❡ ♥❡❣❛t✐✈❡ ❞✐r❡❝t✐♦♥ ♦❢ P ✲❛①✐s✳
❚❤❡ ❝♦♥t❛❝t ♣r❡ss✉r❡ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s
p (r) = K
(
δ − r
2
2R
)
=
K
2R
(
a2 − r2)−√2Kw. ✭✼✸✮
❩❡r♦ ❝♦♥t❛❝t ♣r❡ss✉r❡ ✐s ❛❝❤✐❡✈❡❞ ❛t t❤❡ r❛❞✐✉s ✈❛❧✉❡
r0 =
√
a2 − 2R
√
w
K
. ✭✼✹✮
▼❛①✐♠✉♠ ❝♦♥t❛❝t ♣r❡ss✉r❡ ✐s ❛t r = 0
pmax =
Ka2
2R
−
√
2Kw. ✭✼✺✮
❚❤❡ ❣r❛♣❤ ♦❢ t❤❡ ❢✉♥❝t✐♦♥ p (r) ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✹✳
❙✉❜st✐t✉t✐♥❣ d = 2 ✐♥t♦ ✭✻✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss ❡q✉❛t✐♦♥
P
Pc
=
(
a
ac
)4
− 2
(
a
ac
)2
, ✭✼✻✮
❚❤❡ ❣r❛♣❤ ♦❢ ❞✐♠❡♥s✐♦♥❧❡ss ❞❡♣❡♥❞❡♥❝② ✭✼✻✮ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✺✳
✶✼
❋✐❣✉r❡ ✹✿ ❈♦♥t❛❝t ♣r❡ss✉r❡ ❞✐str✐❜✉t✐♦♥ ✉♥❞❡r ❛ s♣❤❡r✐❝❛❧ ✐♥❞❡♥t❡r✳
❋✐❣✉r❡ ✺✿ ❉❡♣❡♥❞❡♥❝② ❜❡t✇❡❡♥ ✐♥❞❡♥t❛t✐♦♥ ❢♦r❝❡ ❛♥❞ ❝♦♥t❛❝t r❛❞✐✉s ✐♥ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r♠
■♥ t❤❡ s❛♠❡ ✇❛② t❤❡ ❡q✉❛t✐♦♥s ✭✻✸✮ ❛♥❞ ✭✻✹✮ ❝❛♥ ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐♠❡♥s✐♦♥❧❡ss
❡q✉❛t✐♦♥s
δ
δc
=
(
a
ac
)2
− 1 ✭✼✼✮
❛♥❞
P
Pc
=
(
δ
δc
)2
− 1. ✭✼✽✮
❚❤❡ ❣r❛♣❤ ♦❢ ❞✐♠❡♥s✐♦♥❧❡ss ❞❡♣❡♥❞❡♥❝② ✭✼✽✮ ✐s r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✳ ✻✳
❚❤❡ ❛❜♦✈❡ ❣r❛♣❤s ❝❛♥ ❜❡ ✉s❡❞ t♦ ♦❜t❛✐♥ t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
♣r♦❜❧❡♠ ♦❢ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ❜❡t✇❡❡♥ ❛ s♣❤❡r✐❝❛❧ ✐♥❞❡♥t❡r ❛♥❞ ❛ t❤✐♥ ✐s♦tr♦♣✐❝ ♦r tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝
❡❧❛st✐❝ ❧❛②❡r✳ ❖♥❡ ❥✉st ♥❡❡❞s t♦ ✉s❡ ❡✐t❤❡r ✭✶✵✮ ♦r ✭✶✸✮ ❢♦r t❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✉s ♦❢ t❤❡ ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✳
❈♦♥❝❧✉s✐♦♥s
Pr♦❜❧❡♠s ♦❢ ❝♦♥t❛❝t ❜❡t✇❡❡♥ ❛ r✐❣✐❞ ❝♦♥✈❡① ✐♥❞❡♥t❡r ❛♥❞ ❛♥ ❡❧❛st✐❝ t❤✐♥ ❝♦♠♣r❡ss✐❜❧❡ ❧❛②❡r ❜♦♥❞❡❞
t♦ r✐❣✐❞ s✉❜str❛t❡ ✇❡r❡ st✉❞✐❡❞ ✐♥ ❛ ♥✉♠❜❡r ♦❢ ♣✉❜❧✐❝❛t✐♦♥s✳ ❲❡ ❤❛✈❡ r❡✈✐❡✇❡❞ ❛♥❞ ❡①❛♠✐♥❡❞ s♦♠❡
❛♣♣r♦❛❝❤❡s t♦ t❤❡ ♣r♦❜❧❡♠s✳ ■t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t ♠❛♥② ❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥s ❛r❡ ✐♥ ❡ss❡♥❝❡ t❤❡
s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥t❛❝t ❜❡t✇❡❡♥ t❤❡ ✐♥❞❡♥t❡r ❛♥❞ ❛ ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✳ ❖♥
t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤❡s t♦ t❤❡ ♣r♦❜❧❡♠s ♣r♦✈✐❞❡ ♠❛t❤❡♠❛t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ t♦ t❤❡
✉s❡ ♦❢ t❤❡ ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ♠♦st ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤❡s ❛r❡ r❛t❤❡r
✶✽
❋✐❣✉r❡ ✻✿ ❚❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❢♦r❝❡✲❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡ ❢♦r ❛ s♣❤❡r✐❝❛❧ ✐♥❞❡♥t❡r
s♦♣❤✐st✐❝❛t❡❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♣♣r♦❛❝❤❡s ❜❛s❡❞ ♦♥ ✐♥t❡❣r❛❧ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ❆s ✐t ✇❛s
♠❡♥t✐♦♥❡❞ ❜② ❏♦❤♥s♦♥ ❬✶✽❪ t❤❡ ❦❡r♥❡❧ ♦❢ t❤✐s ❢♦r♠✉❧❛t✐♦♥ ♠❛② ❤❛✈❡ ❛♥ ❛✇❦✇❛r❞ ❢♦r♠ ❛♥❞ t❤✐s ♠❛②
❧❡❛❞ t♦ s❡r✐♦✉s ❞✐✣❝✉❧t✐❡s ✐♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ❝♦♥t❛❝t str❡ss❡s ✐♥ str✐♣s ❛♥❞ ❧❛②❡rs✳
❖♥❧② r❡❧❛t✐✈❡❧② r❡❝❡♥t❧② s✐♠♣❧❡ ❞✐r❡❝t ❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❛♣♣❧✐❡❞
t♦ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠s✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ t❤✐❝❦♥❡ss ♦❢ t❤❡ ❧❛②❡r ✐s ♠✉❝❤ ❧❡ss t❤❛♥ ❝❤❛r❛❝t❡r✐st✐❝
❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❝♦♥t❛❝t ❛r❡❛✱ ✐t ❤❛s ❜❡❡♥ s❤♦✇♥ t❤❛t t❤❡ ●❑◆ ✭●♦❧❞❡♥✈❡✐③❡r✲❑❛♣❧✉♥♦✈✲◆♦❧❞❡✮
♠❡t❤♦❞ ❬✹❪ t❤❛t ✇❛s ♦r✐❣✐♥❛❧❧② ❞❡✈❡❧♦♣❡❞ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡♦r② ♦❢ ♣❧❛t❡s ❛♥❞ s❤❡❧❧s✱ ♠❛② ❜❡
❛♣♣❧✐❡❞ ❞✐r❡❝t❧② t♦ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ❝♦♥t❛❝t ♣r♦❜❧❡♠ ❢♦r♠✉❧❛t✐♦♥✳ ■t ✐s ❡❛s② t♦ ❢♦❧❧♦✇ t❤❡ ♠❡t❤♦❞
❛♥❞ ✐t ❤❛s ❜❡❡♥ ♥❛t✉r❛❧❧② s❤♦✇♥ t❤❛t t❤❡ ❧❡❛❞✐♥❣ ♦r❞❡r ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠
❢♦r ❛ t❤✐♥ ✐s♦tr♦♣✐❝ ♦r tr❛♥s✈❡rs❡❧② ✐s♦tr♦♣✐❝ ❧❛②❡r ✐s ❛❝t✉❛❧❧② t❤❡ ♣r♦❜❧❡♠ ❢♦r ❛ ❧❛②❡r ♦❢ s♣r✐♥❣s
✭t❤❡ ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✮✳ ❚❤❡ ●❑◆ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ ❛♥♦t❤❡r ❞✐r❡❝t
❛s②♠♣t♦t✐❝ ❛♣♣r♦❛❝❤✱ t❤❡ ❆▼ ✭❆r❣❛t♦✈✲▼✐s❤✉r✐s✮ ♦♥❡ ❬✸❪✳ ❲❡ ❛r❣✉❡ t❤❛t ❛❧t❤♦✉❣❤ t❤❡ ●❑◆ ❛♥❞ ❆▼
❛♣♣r♦❛❝❤❡s ❛r❡ ♠❛t❤❡♠❛t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t✱ t❤❡ ●❑◆ ❛♣♣r♦❛❝❤ ❤❛s s❡✈❡r❛❧ ❛❞✈❛♥t❛❣❡s ✐♥ ♣r♦❞✉❝✐♥❣
s❡r✐❡s✱ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ✇r✐t✐♥❣ ❡①♣r❡ss✐♦♥s ❢♦r ❞✐s♣❧❛❝❡♠❡♥ts ❛♥❞ str❡ss❡s
❛❝t✐♥❣ ✐♥ t❤❡ ❡❧❛st✐❝ ❧❛②❡r✳
❋♦r t❤✐s ❧❡❛❞✐♥❣ ♦r❞❡r ❛s②♠♣t♦t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✱ ✐✳❡✳ ❢♦r t❤❡ ❲✐♥❦❧❡r✲❋✉ss ❡❧❛st✐❝ ❢♦✉♥❞❛t✐♦♥✱
t❤❡ ❛①✐s②♠♠❡tr✐❝ ❛❞❤❡s✐✈❡ ❝♦♥t❛❝t ✐s st✉❞✐❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ❏❑❘ t❤❡♦r②✳ ❚❤❡ ❣♦✈❡r♥✐♥❣
❡q✉❛t✐♦♥s ♦❢ t❤❡ ❏❑❘ t❤❡♦r② ❛r❡ ❢♦r♠✉❧❛t❡❞ ❛♥❞ tr❛♥s❢♦r♠❡❞ ✉s✐♥❣ t❤❡ s❧♦♣❡ ♦❢ t❤❡ ♥♦♥✲❛❞❤❡s✐✈❡ ❢♦r❝❡✲
❞✐s♣❧❛❝❡♠❡♥t ❝✉r✈❡ ✐♥ ❣❡♥❡r❛❧ ❢♦r♠✱ ✇❤✐❝❤ s✐♠♣❧✐✜❡s tr❛♥s❢♦r♠❛t✐♦♥s ❛♥❞ ♠❛❦❡s t❤❡♠ ❝❧❡❛r❡r✳ ❚❤❡
❏❑❘ ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ❣❡♥❡r❛❧✐③❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ t❤❡ ♣✉♥❝❤ s❤❛♣❡ ❜❡✐♥❣ ❞❡s❝r✐❜❡❞ ❜② ❛♥ ❛r❜✐tr❛r②
❜❧✉♥t ❛①✐s②♠♠❡tr✐❝ ✐♥❞❡♥t❡r✳ ❈♦♥♥❡❝t✐♦♥s ♦❢ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ t♦ ♣r♦❜❧❡♠s ♦❢ ♥❛♥♦✐♥❞❡♥t❛t✐♦♥ ✐♥
t❤❡ ❝❛s❡ ♦❢ t❤❡ ✐♥❞❡♥t❡r s❤❛♣❡ ♥❡❛r t❤❡ t✐♣ ❤❛s s♦♠❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ ✐ts ♥♦♠✐♥❛❧ s❤❛♣❡ ❛r❡ ❞✐s❝✉ss❡❞✳
❚❤❡ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥s ❛r❡ ❞❡r✐✈❡❞ ❢♦r t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣✉❧❧✲♦✛ ❢♦r❝❡ ❛♥❞ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❝r✐t✐❝❛❧ ❝♦♥t❛❝t r❛❞✐✉s ❢♦r ✐♥❞❡♥t❡rs ✇❤♦s❡ s❤❛♣❡ ✐s ❞❡s❝r✐❜❡❞ ❜② ♣♦✇❡r✲❧❛✇ ❢✉♥❝t✐♦♥s✳ ❚❤❡ s♦❧✉t✐♦♥
t♦ t❤❡ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ s♣❤❡r✐❝❛❧ ✐♥❞❡♥t❡r ❤❛s ❜❡❡♥ ❛❧s♦ ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧✳
❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts
❚❤❡ ✇♦r❦ ✇❛s ✐♥✐t✐❛t❡❞ ❛s ❛ ♣❛rt ♦❢ ❛❝t✐✈✐t✐❡s ♦❢ t❤❡ ❈❆❘❇❚❘■❇ ■♥t❡r♥❛t✐♦♥❛❧ ◆❡t✇♦r❦ s✉♣♣♦rt❡❞
❜② t❤❡ ▲❡✈❡r❤✉❧♠❡ ❚r✉st✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ✇♦r❦ ✇❡r❡ ♣r❡s❡♥t❡❞ ❛t t❤❡ s❡❝♦♥❞ ❈❆❘❇❚❘■❇ ■♥t❡r✲
♥❛t✐♦♥❛❧ ◆❡t✇♦r❦✱ ❙❡✈✐❧❧❡ ✷✶✲✷✸ ❆♣r✐❧✱ ✷✵✶✼✳ ❚❤❡ ❛✉t❤♦rs ❛r❡ ❣r❛t❡❢✉❧ t♦ t❤❡ ▲❡✈❡r❤✉❧♠❡ ❚r✉st ❢♦r
t❤❡ s✉♣♣♦rt ♦❢ t❤❡✐r ❝♦❧❧❛❜♦r❛t✐♦♥✳
❉r✳ ◆✐❦♦❧❛② P❡r❡♣❡❧❦✐♥ ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡s t❤❛t ❤✐s ♣❛rt✐❝✐♣❛t✐♦♥ ✐♥ t❤✐s ♣r♦❥❡❝t ❤❛s r❡❝❡✐✈❡❞
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